Representation Theory

Renko

1919.8.10






Contents

1 Representations and Characters

1.1 Linear Representations and Invariant Subspaces . . . . . . . ... ... ..
1.2 Constructions of Representations . . . . . .. ... ... ... .......
1.2.1 Direct sums . . . . . . ...
1.2.2  Tensor products . . . . . . . ..o
1.2.3  Symmetric and alternating squares . . . . . . ... ... ... ...
1.2.4 Dual representations . . . . . . . . . .. ...
1.3 Characters of Representations . . . . . . . .. ... ... ... .......
1.4 Schur’s Lemma and Averaging Operators . . . . .. ... ... ......
1.5 Orthogonality Relations . . . . . . .. ... ... ... ... .. ......
1.5.1 Orthogonality of matrix coefficients . . . . .. .. .. ... ....
1.5.2  Orthogonality of irreducible characters . . . . . .. .. .. .. ...
1.6 Canonical Decomposition into Isotypic Components . . . . . .. ... ..
1.6.1 Multiplicity spaces . . . . . . . . . L Lo
1.7 Permutation and Regular Representations . . . . . . .. .. ... ... ..
1.7.1 Permutation representations . . . . . . . ... ... Lo
1.7.2 The regular representation. . . . . . . . . . ... ... ... ...
1.8 Class Functions and Character Tables . . . . ... ... .. ... .....
1.8.1 Column orthogonality . . . . . ... ... .. ... ... .....
1.9 Induced Representations . . . . . . .. .. .. . L.

Group Algebra

2.1  Semisimple Modules and Semisimple Algebras . . . . . . . ... ... ...
2.2 The Group Algebra . . . . . . . . ...
2.3 Fourier Inversion and Plancherel Formula . . . . .. ... ... ... ...
2.4 The Center of the Group Algebra . . . . . . . .. ... ... ... .....
2.5 Algebraic Integers and Applications to Degrees . . . . . . ... ... ...
2.6 Induced Modules and Frobenius Reciprocity . . . . . . . .. ... ... ..
2.7  Mackey Decomposition and Irreducibility Criterion . . . . . . .. ... ..
2.8 Virtual Characters and the Representation Ring . . . . . ... ... ...
2.9 Artin Induction Theorem . . . . . . . . .. ... ... ...

CO 00 O O ot

I N R T o T e T s T e W o S S St
= O © 00 O O UL NN = O



CONTENTS



Chapter 1

Representations and Characters

Throughout this chapter, G denotes a finite group and all vector spaces are finite-
dimensional over C.

1.1 Linear Representations and Invariant Subspaces

Definition 1.1. A linear representation of G on a vector space V is a group homomor-
phism
p: G — GL(V).

When p is understood, we also say that V' is a representation space of G.
Definition 1.2. Let
p: G — GL(V), oG — GL(V)

be two representations. They are said to be equivalent, or isomorphic, if there exists a
linear isomorphism 7T': V — V' such that

for every g € G. Such a map is called an intertwining operator.

Definition 1.3. Let p: G — GL(V) be a representation. A vector subspace W C V is
called G-invariant if

p(g)W C W

for every g € G. Since each p(g) is invertible, this is equivalent to p(g)W = W. The
restricted maps

plw(g) = p(g)lw
define a representation of G on W, called a subrepresentation of V.

Theorem 1.4 (Maschke’s theorem). Let W C V' be a G-invariant subspace. Then W
admits a G-invariant complement: there exists a G-invariant subspace W' such that

V=waeWw.
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Proof. Choose an arbitrary vector-space complement U of W and let p: V' — W be the
projection with kernel U. Define the averaged map

P’ = |é| > plg)polg) "
geG

Since W is G-invariant, every summand maps V into W, hence so does p°. Moreover, if
w € W, then

p(9)pp(g) 'w = w
for every g € G, and therefore p°|y = idyy. It follows that (p°)? = p° and

V =W @ ker(p°).

For s € G we have )
p(s)p’p(s) " = @l > p(sg)pp(sg) ™!
geG
=",
so p commutes with the action of G. Hence ker(p°) is G-invariant, and it is the required
complement. ]

Definition 1.5. A nonzero representation V is called irreducible if its only G-invariant
subspaces are 0 and V. Equivalently, V' cannot be written as a direct sum of two nonzero
subrepresentations.

Theorem 1.6 (Complete reducibility). Ewvery representation of G is a direct sum of
wrreductble representations.

Proof. We argue by induction on dim V. There is nothing to prove when V = 0 or when
V' is irreducible. Otherwise, choose a nonzero proper invariant subspace W C V. By
Maschke’s theorem,

V=waow

for some invariant complement W’. Both W and W’ have smaller dimension than V,
so the induction hypothesis decomposes each of them into irreducible representations.
Combining the two decompositions gives the result. O

1.2 Constructions of Representations

1.2.1 Direct sums

Let p1: G — GL(V1) and p2: G — GL(V2) be representations. Their direct sum is the
representation
p1 D pa: G — GL(Vl & V2)
defined by
(p1 @ p2)(9)(v1,v2) = (p1(g)v1, p2(g)v2)-

With respect to bases of V1 and Vb, its matrix is block diagonal:

(p1 @ p2)(g) = (plég) pz(()9)> '
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1.2.2 Tensor products

The tensor product representation on Vi ® Vs is defined by

(p1 ® p2)(g)(v1 ® v2) = p1(g)v1 ® p2(g)va.

This indeed gives a representation because

(p1 ® p2)(gh) = (p1 @ p2)(g)(p1 @ p2)(h).

Let (e;) be a basis of Vi and (f;) a basis of V3, and write
_ D ae. — (2)
pi(g)e; = Zrij (9)eis p2(9)fe = Zrkz (9) fe-
i k

Then

(01 ® p2)(9)(e; @ fo) = > 1) () (9)es @ fi
ik

Thus the matrix of the tensor product representation is the Kronecker product of the
matrices of p1(g) and p2(g).

1.2.3 Symmetric and alternating squares
Suppose now that V3 = Vo = V. Define
VRV -—VRV, T®w)=wwv.
Since 72 = id, its eigenvalues are 1 and —1. We set
Sym?*(V)={z e VoV |7(z) =z},
/Q\V:{ze VeV]r(z)=-z}

Because the ground field has characteristic different from 2,

2
VeV=sm’(V)e \V.
The flip map 7 commutes with p(g) ® p(g), so both summands are G-invariant.
If (e1,...,e,) is a basis of V, then a basis of Sym?(V) is
e®e (1<i<n), e®e+e;e (1<i<j<n),

and a basis of A?V is
ei®ej—e;®e (1<i<yj<n).

In particular,

2
dim Sym*(V) = ”(”;1) dim A\ V = ”(”2_1)
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1.2.4 Dual representations
Let V* = Hom¢(V, C). The dual representation p* is defined by
p*(9) = (p(9)™")".
Equivalently,
(P"(9)A) (v) = A(p(g) ")
for A € V* and v € V. It is characterized by the identity
(p(9)v, p"(9)A) = (v, A).

The homomorphism property follows from

p*(gh) = (p(h) ' p(9)™")" = p*(9)p" ().

1.3 Characters of Representations
Definition 1.7. Let A: V — V be linear. If (a;;) is its matrix in a basis of V, its trace
is
Tr(A) = ai.
The trace is independent of the chosen basis, s;nce
Tr(PAP™Y) = Tr(A)

for every invertible matrix P.

Definition 1.8. Let p: G — GL(V) be a representation. Its character is the function

Xp: G—C,  x,(9) = Tr(p(g))-

The integer dim V' is also called the degree of the character.

Proposition 1.9 (Basic properties of characters). Let x be the character of a represen-
tation V' of degree n. Then:

1. x(1) =n;

2. x(97") = x(g) for every g € G;
3. x(hgh™Y) = x(g) for every g,h € G.

Proof. The first assertion is immediate. For the second, let m be the order of g. Then
p(g)™ = id, so the minimal polynomial of p(g) divides 2™ — 1. Since =™ — 1 has distinct
roots over C, the operator p(g) is diagonalizable. If its eigenvalues are Aj,..., \,, then
A = 1, and hence \; ' = ;. Therefore

x(g7h) =ZA21 =ZA¢ = x(9)-

Finally,
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Proposition 1.10. Let Vi, Vo have characters x1, x2. Then
Xvieve = X1 1 X2, XVigVs = X1X2-

Proof. The first formula follows from the trace of a block diagonal matrix. For the second,

use the notation of the tensor-product construction. The diagonal entries of the matrix

of p1(g) ® p2(g) are rgil)(g)r](?) (g), and hence

isva(9) = > (9)r (9)

.3

= (Z r )(9)> S D)

= x1(9)x2(9)-
]

Proposition 1.11 (Characters of the symmetric and alternating squares). Let V' have
character x. Then

(x(9)* + x(g%))

N

XSym2 (V) (g)

and

—_

Xp2v(9) = 5 (x(9)* = x(9%).
In particular,
XSym?2(V) + XNy = X2‘

Proof. Fix g € G. Since p(g) has finite order, it is diagonalizable. Choose an eigenbasis
e1,...,e, with eigenvalues Aq,..., A,. On the basis vectors of Sym?(V), the eigenvalues
are

A oand AN (i <),

7

whereas on /\2 V they are \;\j for i < j. Therefore

XSym?2(V) (9) = Z A? + Z Aidj

i<j

| =

(5)

(x(9)* + x(g%)),

N =

and similarly
Xpzy(9) = Z i
1<J

() 2

= %(x(g)2 —x(9%)).
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Corollary 1.12. Let V and W have characters x and 1. Then
XSym2(Vew) = Xsym2 v T X¥ + Xsym? w
Proof. Use the G-equivariant decompositions

Sym?(V @ W) = Sym? V & (V@ W) @ Sym* W,
2 2 2
Avew)z AveVew)s AW,

and apply Proposition 1.10. O

Proposition 1.13. IfV has character x, then its dual representation has character

xv+(9) = x(97") = x(9)-
Proof. The eigenvalues of p*(g) are the inverses of the eigenvalues of p(g). Hence

xv+(9) =x(g),

and Proposition 1.9 gives the second equality. ]

1.4 Schur’s Lemma and Averaging Operators

Proposition 1.14 (Schur’s lemma). Let Vi, Vs be irreducible representations and let
T: Vi — Vs satisfy
Tpi(g) = p2(9)T

for all g € G. Then:
1. if Vi 2 Va, then T = 0;
2. if Vi = Vo and p1 = p2, then T'= \idy, for some X € C.

Proof. The kernel of T" is a G-invariant subspace of V;, and the image of T  is a G-invariant
subspace of Vo. If T' # 0, irreducibility gives

kerT = 0, imT = Vs,

so T is an isomorphism. This proves the first assertion.

For the second, choose an eigenvalue A of T', which exists because the field is C. The map
T — Midy, is again an intertwining operator and has nonzero kernel. By irreducibility its
kernel is all of V1, so T' = Aidy;. O

Definition 1.15. For a linear map h: Vi — Vb, define its average by

1 _
h' = @l > p2(9) " hpa(9)-
geG

Proposition 1.16. The averaged map h° is an intertwining operator. Consequently, if
V1, Vo are irreducible, then:
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1. if Vi 2 Vs, then h® = 0;

2. if Vi=Vo =V and p1 = p2, then
Tr(h) .
0 _
"= Gy
Proof. For s € G,
pa(s) " h%p1 () sz 9s) "' hp1(gs)

gEG

= hO.

Thus h%p1(s) = p2(s)h?, so h¥ is an intertwiner. The first conclusion follows from Schur’s
lemma. In the second case, Schur’s lemma gives h® = Xidy . Since trace is invariant under

conjugation,
Tr(h
=@ e (h)-
geG

Hence Adim V' = Tr(h). O

Lemma 1.17 (Averaging onto invariant vectors). Let E be a representation of G with
character xg. Then

dim E¢ = Z xE(g
| geG
where
={v e E|p(g)v=uv for every g € G}.
Proof. Set

P

For every s € G we have p(s)P = P, so im P C E“. Conversely, P acts as the identity
on E%, and therefore P is the projection of E onto EC. Thus

dim B¢ = Z xEe(g

gEG

1.5 Orthogonality Relations

For complex-valued functions ¢, on G, define

|Z¢

geG

This is the standard Hermitian inner product on the space of functions G — C.
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1.5.1 Orthogonality of matrix coefficients

Let Vi1, V5 be irreducible representations. Choose bases and write

V=3 (=12
Theorem 1.18 (Orthogonality of matrix coefficients). If V; % Vs, then

’G| Z Z2]2 ]111 (g) =0

geG

for all indices. If Vi = Vo = V and the same basis is used on both sides, then, with
n=dimV,

1
Z Tigja (9 T3111(9) = 55i1i25j1j2‘
geG

Proof. Let h: Vi — V, have matrix (2,5, ). By direct matrix multiplication, the (i, 1)-
entry of its average is

1
ho '5211 = Z Z 12]2 - x]Q]lT.;lZl (g)

gEGh,Jz

If V; 2 Vs, Proposition 1.16 gives h® = 0 for every choice of the matrix (2,5, ), SO every
coefficient of every x;,;, is zero. This proves the first formula.

In the second case,

Tr(h) .

RO = idy .

n

The coefficient of xj,;, in the (ia,i1)-entry of the right-hand side is

1
g5j1j25z'1@'2,

which gives the stated identity. O

1.5.2 Orthogonality of irreducible characters
Theorem 1.19 (Character orthogonality). Let x and ¢ be irreducible characters. Then

)L x=9,

Thus the irreducible characters form an orthonormal set.

Proof. Using ¥(g) = v(g~!) and expanding both traces in terms of matrix coefficients,

we obtain
XY |f}| E X
gGG

—Z DO O

gGG
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If the representations are nonisomorphic, every summand is zero by Theorem 1.18. If
they are the same irreducible representation of dimension n, the same theorem gives

1
X, x) = Z Efsz‘j =1L
i’j
O

Remark 1.20. There is also a conceptual proof. The space Home(V, W) is a representation
under

(9-T)=pw(9)Tov(9)~",

and its character is xwXy. By Lemma 1.17,
{(xw,xv) = dim Hom¢ (V, W).

Schur’s lemma then gives the orthogonality relations.

Theorem 1.21 (Multiplicity formula). Suppose
V=Ui® ---dU,

is a decomposition into irreducible representations, and let ¢ be the character of V.. If W
is irreducible with character x, then the number of summands U; isomorphic to W is

(6 x)-
Proof. Write x; for the character of U;. Then

Y=X1+"+ Xm-

By the orthogonality theorem,

m
j=1
and each summand is 1 precisely when U; = W, and 0 otherwise. 0

Corollary 1.22. Two representations with the same character are isomorphic.

Proof. For every irreducible representation W, the multiplicity formula shows that its
multiplicity is determined by the character. Hence the two representations have the same
irreducible summands with the same multiplicities, and complete reducibility gives an
isomorphism. ]

Theorem 1.23 (Irreducibility criterion). Let ¢ be the character of a representation V.
Then

(¢, 0) € Z>o,

and
() =1

if and only if V is irreducible.
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Proof. Let x1,...,xr be the distinct irreducible characters occurring in V', with multi-

plicities m1,...,m,. Then
T
Y= Z M X
i=1

By orthogonality,

r

(p.0) = mi.

i=1
This is a nonnegative integer, and it equals 1 exactly when one multiplicity is 1 and all
the others are zero, which is equivalent to irreducibility. ]

1.6 Canonical Decomposition into Isotypic Components

Let W1,..., W, be pairwise nonisomorphic irreducible representations of G, with char-
acters x1,...,xr and degrees n; = dim W;. Suppose that a representation V has an
irreducible decomposition

V=U® - @Upn.

For each ¢, let V; be the direct sum of those U; which are isomorphic to W;. Then
V=Vig---aV,.

At first sight the subspaces V; appear to depend on the chosen irreducible decomposition.
The following theorem shows that they do not.

Theorem 1.24 (Canonical isotypic decomposition). For each i, define
n; — _
pi =15 2 xi(9)p(g) = GZXZ D)
Gl =2 Gl 4=

Then p; is the G-equivariant projection of V' onto V;. In particular,
'
pi=p, ppj=0 (i#j), Y pi=idy,
and the decomposition

V=Vieé---aV

is independent of the chosen decomposition of V into irreducible summands.

Proof. Since x; is constant on conjugacy classes, for every h € G we have
p(h)pip(h Z Xi(9)p(hgh™)
geG
Thus p; is G-equivariant.

Restrict p; to an irreducible subrepresentation U C V' with character ;. By Schur’s
lemma,

pilv = Aidy
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for some A € C. Taking traces gives
An; = Tr(pi|v)
e
= ﬁ > xil9)x;(9)
geG

By character orthogonality, this is 0 if ¢ # j, and it is n; = n; if i = j. Hence

bilu = 0, U W

Therefore p; is exactly the projection onto the sum of all irreducible summands isomorphic
to W;. The identities for the p; follow by checking them on every irreducible summand of
V. Since each p; is defined directly from p and y;, its image is independent of any chosen
irreducible decomposition. O

Definition 1.25. The subspace
Vi = im(p;)

is called the W;-isotypic component of V. Equivalently, it is the sum of all subrepresen-
tations of V' isomorphic to W;.

Remark 1.26. The decomposition into individual irreducible subspaces need not be unique.
For example, if
Vewaow,

there may be many different subspaces of V' isomorphic to W which can be used as
summands. What is canonical is their total isotypic component, which in this example is
all of V.

1.6.1 Multiplicity spaces
Proposition 1.27. Let

Mi == Homg(Wi, V)
Then

dim M; = <XV7 X1>7

and the evaluation map
evi: W, @ M; — 'V,
w® fr— f(w)

is a G-equivariant isomorphism. Consequently,

V= PW; @ Homg(W;, V).
=1

Proof. By Schur’s lemma and complete reducibility, dim Homg(W;, V') is exactly the num-
ber of copies of W; in an irreducible decomposition of V. By the multiplicity formula this
number is (xv, Xi)-
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The evaluation map is G-equivariant because, for g € G and f € Homg(W;, V),

evi(pi(g)w ® f) = f(pi(g)w) = p(g) f(w).

Its image is contained in V;. Conversely, every irreducible copy of W; inside V is the
image of an intertwining map W; — V, so the image of ev; contains every such copy and
hence equals V;. Finally,

so the surjective evaluation map is an isomorphism. ]

1.7 Permutation and Regular Representations

1.7.1 Permutation representations

Definition 1.28. Suppose that G acts on a finite set X. Let Vx be the vector space with
basis (ez)zex. The rule

p(g)es = Cyx
defines a representation of G, called the permutation representation associated with X.

Proposition 1.29. The character xx of the permutation representation satisfies
xx(g) = |X7],

where

X9 ={reX|gx=ua}.

Proof. The matrix of p(g) in the basis (e;)zex is a permutation matrix. Its diagonal
entry corresponding to x is 1 exactly when gz = x, and is 0 otherwise. Hence its trace is
the number of fixed points of g. O

Proposition 1.30 (Orbit-counting formula). The multiplicity of the trivial representation
in Vx is the number of G-orbits on X. Equivalently,

#(G\X) = @l Z X9 = (xx,1q) = dim V<.
geG

Proof. An invariant vector

v = E AzCy

reX
has coefficients which are constant on every orbit. Therefore the orbit sums

Zex, 0 e G\X,

€O

form a basis of V¢, so dim V¥ = #(G\X). Lemma 1.17 and Proposition 1.29 give the
remaining equalities. O
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If the action is transitive, the trivial representation occurs exactly once. In this case
VX =C (Zex> @‘/Oa
zeX

where

‘/():{Zaxew

zeX

E:(mzzO}.

zeX

The representation Vj contains no copy of the trivial representation.

Definition 1.31. Assume that G acts transitively on X and | X| > 2. The action is called
doubly transitive if for any x # y and 2’ # 3/ in X, there exists g € G such that

/ /

gr ==, 9y =y.

Proposition 1.32. Let G act transitively on X, let xx be the permutation character,
and write

xx =1l +0,
where 0 is the character of V. The following are equivalent:
1. the action of G on X is doubly transitive;
2. the diagonal action of G on X x X has exactly two orbits;
3 (xXx,xx) =2;

4. Vi is irreducible.

Proof. The diagonal
A={(z,x) |z e X}

is one orbit because the action on X is transitive. The action is doubly transitive precisely
when all pairs (z,y) with x # y form one further orbit. Thus (1) and (2) are equivalent.

The character of the permutation representation on X x X is Xgo because
(X x X)9] = X9
By Proposition 1.30, the number of orbits on X x X is
1

Xk 1) = €] Z xx(9)% = (xx,xx),
geG

since xx is real-valued. Hence (2) and (3) are equivalent.
Finally, (1¢,60) = 0, so
<X_)(, Xx> =1+ <9, 9)

By the irreducibility criterion, this equals 2 precisely when Vj is irreducible. Thus (3)
and (4) are equivalent. O
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1.7.2 The regular representation

Definition 1.33. Let V have basis (e;)ieq. For g € G, define

Preg (g) €t = €gt-

This is the left reqular representation of G.

Its character xieg is

Xeegl) = {1GP 9=
o 0, g#1

Indeed, if g # 1, left multiplication by ¢ fixes no element of G.

Theorem 1.34. Let Wy, ..., W, be all irreducible representations of G, and put n; =
dim W;. Then

.

~ ®n;

Vieg = @ W,
=1

Thus every irreducible representation occurs in the reqular representation, with multiplicity
equal to its degree.

Proof. Let x; be the character of W;. By the multiplicity formula, its multiplicity in the
regular representation is

(Xreg, Xi) = ‘61:, > xeeg(9)xi(9)

geG

Corollary 1.35. The degrees of the irreducible representations satisfy

.
> _ni=IGl
i=1

Moreover, for every g # 1,

,
> nixi(g) = 0.
i=1

Proof. Taking dimensions in Theorem 1.34 gives the first identity. Taking characters gives

r
Xreg = g i X5
=1

and evaluating at g # 1 gives the second. O
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1.8 Class Functions and Character Tables

Definition 1.36. A function f: G — C is called a class function if
f(hgh™) = f(9)

for all g,h € G. Thus a class function is constant on every conjugacy class. Every
character is a class function.

Let H denote the vector space of class functions on G.

Proposition 1.37. Let f be a class function and let V' be a representation with character

x- Define
Ty =" f(g)plg)

geG
Then Ty commutes with the action of G. If V' is irreducible of degree n, then
Ty = Nidy,

where

Zf G‘<f Xv+).

gEG

Proof. For h € G,
p(h) "' Tep(h) = f(g)p(h~"gh)

geG

=Y f(huh™

ueG
= Ty.

Thus T’ is an intertwining operator. If V' is irreducible, Schur’s lemma gives Ty = Aidy .

Taking traces yields
An =" f(9)x(g)
geG

Since xv+(g) = x(g), we have
(f,xve) Z f(g
e poerd

which proves the formula. ]
Theorem 1.38. The irreducible characters x1,...,xr form an orthonormal basis of H.

Proof. They are orthonormal by Theorem 1.19. It remains to prove that they span H.

Suppose that f € H is orthogonal to every irreducible character. The dual of an irre-
ducible representation is again irreducible, so f is also orthogonal to every dual character.
By Proposition 1.37, the operator T acts as zero on every irreducible representation.
Complete reducibility therefore implies that Ty = 0 on the regular representation.

Let e; be the basis vector of the regular representation corresponding to the identity.

Then
0="Tpe; = Z f(9)eq
geG
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Since the e, form a basis, f(g) = 0 for every g € G. Hence the orthogonal complement of
the span of the irreducible characters is zero, so they form a basis. ]

Theorem 1.39. The number of isomorphism classes of irreducible representations of G
is equal to the number of conjugacy classes of G.

Proof. A class function is determined uniquely by its value on each conjugacy class.
Therefore the dimension of H is the number of conjugacy classes. By Theorem 1.38,
the dimension of H is also the number of irreducible characters. O

1.8.1 Column orthogonality

For s € G, denote its conjugacy class by Cl(s) and its centralizer by

Ca(s) ={g€G|gs=sg}

Recall that
|G|

Ca(s)l

| Cl(s)| =
Theorem 1.40 (Column orthogonality). Let x1, ..., xr be all irreducible characters. For

s, t e @G,
T . .
— |Cq(s)|, t is conjugate to s,
> xi(s)xi(t) = . .
=1 0, t is not conjugate to s.

In particular,
- 2 G|
Xi(s)]” = 1[Cc(s)| = :
Y i) = |Ca(s)l (s

=1

Proof. Let §s be the indicator function of the conjugacy class of s:

5a(t) = 1, teCls),
o, t e Cls).

Since the irreducible characters form an orthonormal basis of H,

T

Bs = Y (8s, Xi)Xi-

i1
Now .
(5s,Xi>:@ > xilg)
g€Cl(s)
_ | CIs) [ ——=
~ i X
1
= e
Hence

T

Ca(9)I6s(t) = D xils)xa(t),

=1

which is the desired relation. O
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Definition 1.41. Choose representatives cy, ..., ¢, of the conjugacy classes and list the
irreducible characters xi, ..., x,. The square matrix
(Xi(cj))1gi,jgr

is called the character table of G.

The row orthogonality relations are
> 1Cle) xiles)xr(es) = [Gléi,
j=1

while Theorem 1.40 gives the column orthogonality relations.

1.9 Induced Representations

Let H < G and let
0: H— GL(W)

be a representation of H.

Definition 1.42. Suppose p: G — GL(V) is a representation such that W is an H-
invariant subspace of V' and the restricted action on W is 8. For g € G, set

This depends only on the left coset gH, because

p(gh)W = p(g)p(h)W = p(g)W
for h € H. We say that V is induced by W, or that p is induced by 0, if
V= & W
gHeG/H

We write
V = Ind§ W.

Equivalently, if R is a set of representatives of G/H, then

V= @ p(r)W.

reR

It follows immediately that

dim Ind% W = [G : H] dim W.

Example 1.43. The permutation representation of G on G/H is induced by the trivial
representation of H:
C[G/H] = Ind$ 1.

Indeed, the one-dimensional subspace corresponding to the coset H is H-invariant and
affords the trivial representation, and its translates are the basis lines corresponding to
all cosets.
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Example 1.44. The regular representation of GG is induced by the regular representation
of H. The subspace spanned by (ep)pey is the regular representation of H, and its
translates are the subspaces spanned by the basis vectors belonging to the left cosets of
H.

Proposition 1.45. Suppose that V is induced by W, and let Wy C W be an H-invariant
subspace. Then

Vi= @ olom

gHeG/H

is a G-invariant subspace of V', and the representation on Vi is induced by the represen-
tation of H on W1.

Proof. The sum is direct because it is contained term by term in the direct sum

V= B rlew.

gHeG/H
For s € G, left multiplication sends the coset gH to sgH, and hence
p(s)p(g)W1 = p(sg)Wi.
Thus p(s) permutes the summands of Vi, so V; is G-invariant. The defining direct-sum

condition for induction is then automatic. O

Lemma 1.46 (Universal property of induction). Suppose that (V, p) is induced by (W, ),
and let p': G — GL(V') be another representation. If f: W — V' is H-equivariant, then
there exists a unique G-equivariant linear map

F: V>V

whose restriction to W is f.

Proof. Choose a set R of representatives of G/H. Since

V=&pn(rw,

reR

it is enough to define F' on each summand. For r € R and w € W, set

F(p(rjw) = p'(r) f(w).

This is well defined on the chosen direct-sum decomposition and clearly extends f when
the representative of H is chosen to be 1.

We check G-equivariance. Let ¢ € G and write

with ' € R and h € H. Then
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Thus F' is G-equivariant. Uniqueness follows because every element of V' is a sum of
vectors of the form p(r)w, and equivariance forces

F(p(r)w) = p/(r)F(w) = o (r) f(w).
OJ

Theorem 1.47 (Existence and uniqueness of induced representations). For every repre-
sentation 0: H — GL(W), there exists a representation of G induced by 0. It is unique
up to a unique G-equivariant isomorphism which restricts to the identity on W.

Proof. Choose a set R of representatives of the left cosets G/H, with 1 € R, and let

V=Ppw,

reR

where each W, is a copy of W. For g € G and r € R, write uniquely
gr=r1h
with ¥’ € R and h € H. Define
p(g)(w e W) =0(h)we W,.
This is linear and invertible. To check the homomorphism property, suppose
kr =rihq, gr1 = rohs.

Then
gkr = rahahy,

and therefore

p(9)p(k)(w € W) = 0(ha)0(hy)w € W,
= Q(hghl)w S VV7~2
= p(gk)(w € W;.).

Thus p is a representation. The summand W7 is H-invariant and the action of H on it is
0, while its G-translates are precisely the summands W,.. Hence V is induced by W.

For uniqueness, let V' and V' be two representations induced by the same H-representation
W. Applying Lemma 1.46 to the inclusion W < V' gives a G-equivariant map F: V —
V' extending the identity on W. Similarly, there is a G-equivariant map F': V' — V
extending the identity on W. Both F'F and FF’ extend the identity on W; by the
uniqueness part of the universal property, they are the identity maps. Thus F' is the
required isomorphism, and its uniqueness follows from the same universal property. [

Theorem 1.48 (Character of an induced representation). Let R be a set of representatives
of G/H, and let xg be the character of W. If xmq is the character of Indg W, then for
every u € G,

Xind(u) = Z xo(r~tur).

reR
r~lureH

Equivalently,
1 _
Xina (1) = > xols lus).

| ‘ seG
s tuseH
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Proof. With respect to the decomposition
nd% W =P w,,
reER

the operator p(u) sends W, to the summand corresponding to the coset urH. A summand
contributes to the trace only when it is fixed, that is, when

urH =rH,

or equivalently 7~'ur € H. On such a summand, the action of u is, after identifying

W, with W, the operator 6(r~'ur). Therefore its contribution to the trace is yq(r~'ur),
proving the first formula.

For the second formula, every left coset 7H has |H| elements. If s = rh, then
s~ tus = b= (rtur)h,

and xp is constant on conjugacy classes in H. Hence all |H| elements of the coset give
the same contribution, so summing over all s € G multiplies the first sum by |H]|. O



Chapter 2

Group Algebra

Throughout this chapter, unless otherwise stated, all representations are finite-dimensional
complex representations of finite groups. If

u= Zu(s)s e ClqG],

seG

we shall identify the element u with its coefficient function s — wu(s) whenever no confusion
can arise.

2.1 Semisimple Modules and Semisimple Algebras

Definition 2.1. Let A be a ring and let M be a left A-module. We say that M is
semisimple if every submodule of M has a complement. We say that A is a semisimple
ring if 4A is a semisimple A-module. Equivalently, every left A-module is semisimple.

Lemma 2.2. If S is a simple A-module, then
D = Endy(S)
is a skew field.

Proof. This is exactly the same proof as Schur’s lemma. Let 0 # f € End4(S). Then
ker f and im f are submodules of S. Since S is simple, ker f = 0 and im f = S. Thus f
is an isomorphism. Hence every nonzero element of End4(S) is invertible, so End 4(S) is
a skew field. O

Theorem 2.3 (Artin—Wedderburn). Let A be a finite-dimensional semisimple K -algebra,
where K is a field. Suppose that, as a left A-module,

A= SPM @ @ SP,
where S, ...,S, are pairwise non-isomorphic simple A-modules. Put
D; = End4(S;)°P.
Then .
A [ M, (D).
i=1

25
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Proof. We use the regular module. Since A acts on itself on the left, right multiplication
gives
AP ~ Endy(A).

Using the decomposition of A as a left A-module, we get
Enda(A) ~ Enda(SP™ @ --- @ S&™).

By Schur’s lemma, Hom4(S;,5;) = 0 if ¢ # j, and hence

Enda(A) ~ [ [ Enda(S5™).
=1

Moreover,
End4(SP™) ~ M, (Enda(S;))-
Therefore

,
AP ~ T My, (Enda(Sy)).
i=1
Taking opposite algebras gives

T

Ao T My, (Enda(Si)P) = [ [ Mn, (Ds).
=1 =1

2.2 The Group Algebra

Definition 2.4. Let G be a finite group and let K be a commutative ring. We denote
by K|[G] the algebra of G over K, whose elements can be uniquely written as

f= Zass, as € K.
seG

Addition is coefficientwise, and multiplication is induced by the multiplication in G:

(Z ass> (Z btt> = Z asbi(st).

seG teG s,teG

Let V be a K-module and let p : G — GL(V) be a linear representation. Then V' is
naturally a left K[G]-module by

(S0 S

seG seG

Conversely, every left K[G]-module gives a representation of G by restricting the action
to the basis elements s € G. Thus representations of G over K are the same thing as left

K[G]-modules.

Proposition 2.5 (Maschke). If K is a field with char K t |G|, then K[G] is semisimple.
In particular, if char K = 0, then K[G] is semisimple.
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Proof. 1t is enough to show that every submodule has a complement. Let V be a finite-
dimensional K[G]-module and let W C V be a K[G|-submodule. Choose an arbitrary
K-linear projection

p:V oW,  plw =idw.

Define the averaged projection
pO = L Z sps_l.
’G| seG
Then for each g € G,
o1 _ 1 o1 b -1_.0
g’y = 1o D gsps gt == > et =1
‘ | seG | | teG

Thus p° is G-equivariant. If w € W, then s~ tw € W, hence
1.
spsTw = w.

Therefore p°|y = idy, and
V =W @ ker(p°)

as K[G]-modules. Hence every submodule has a complement, so K[G] is semisimple. [J

Corollary 2.6. If K is a field of characteristic zero, then K[G] is a product of matriz
algebras over skew fields of finite degree over K.

Proof. By Maschke’s theorem, K[G] is semisimple. Applying Artin—Wedderburn to the
finite-dimensional semisimple K-algebra K[G], we get

where the D; are skew fields finite-dimensional over K. O

From now on, we take K = C, or more generally an algebraically closed field of charac-
teristic zero. Then every skew field of finite degree over K is equal to K. Hence

Let
piZG%GL(Wi), 1§’i§h,

be the irreducible complex representations of G. Each p; extends to an algebra homo-
morphism

pi : C[G] — Endc(W;).
Thus the family (p;); defines a homomorphism

h h
p: C[G] = [ [ Endc(Ws) = [ [ Mn,(C).

i=1 =1

By the above decomposition, this homomorphism is an isomorphism.
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2.3 Fourier Inversion and Plancherel Formula

For
u= Zu(s)s e C[G],

seG
write

@ = piw) = 3 uls)pi(s) € End(Wh).
seG

Proposition 2.7 (Fourier inversion). Let (u;)1<i<n € [[; End(W;), and let

u= Zu(s)s € C[G]

seG

be the element such that p;(u) = wu; for each i. Then

Proof. By linearity, it suffices to check the formula when v = ¢ € G. Then u(s) = J.4
and u; = p;(t). The formula becomes

h h
1 1
st = il Z n; Tr(pi(s™H)pi(t)) = el Z nixi(s~t).
i=1 =1

This is exactly the character formula for the regular representation, since

h
Xreg = ZniX'i
=1
and xreg(9) = |G| if g = 1, while xreg(g) = 01if g # 1. O

Proposition 2.8 (Plancherel formula). Let
u= Zu(s)s, v = Z v(s)s
seG seG
be two elements of C[G], and put

(u,v) = Z u(s Hu(s).

seG
Then

1 o IR
(u,v) = al ;nz Tr(pi (w)pi(v)).

Proof. By bilinearity, it is enough to check the formula when v = a and v = b are elements
of G. Then
(a,b) = dq-14 = 61,ap-

On the other hand,
1 1
€] > ni Tr(pi(a)pi(b)) = €] > nixi(ab),

which is again |G| xyeg(ab). This equals 1 if ab = 1, and 0 otherwise. O
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2.4 The Center of the Group Algebra

Let C be a conjugacy class of G, and put

o=

seC

Proposition 2.9. The elements ec, where C' runs through the conjugacy classes of G,
form a basis of Z(C[G]). In particular,

dim¢ Z(C[G]) = h,
where h is the number of irreducible characters of G.

Proof. Let
u= Zu(s)s € C[G).

seG
Then v € Z(C[G]) if and only if for each t € G,

tut™! = w.
This condition is equivalent to
u(tst™h) = u(s) for all s,t € G.

Thus the coefficient function of u is constant on conjugacy classes. Hence u is uniquely a
linear combination of the class sums ec. The final statement follows from the fact that
the number of conjugacy classes equals the number of irreducible characters. ]

Let p; : G — GL(W;) be irreducible with character x;, and let

be the corresponding algebra homomorphism.

Proposition 2.10. The homomorphism p; maps Z(C[G]) into the scalar transformations
of W;. Hence it defines an algebra homomorphism

wi : Z(C[G]) — C.

Ifu=75 cqu(s)s, then
1 =N 1 .
wi(u) = n—z Tr(pi(u)) = nigu(s)xi(s), n; = dim W;.

Proof. If uw € Z(C[G]), then p;(u) commutes with every p;(g). By Schur’s lemma, p;(u)
is a scalar transformation. Write this scalar as w;(u). Taking trace gives

niwi(u) = Tr(pi(w) = Y u(s)xi(s).
seG

Since p; is an algebra homomorphism and scalar transformations identify with C, w; is an
algebra homomorphism. O
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Proposition 2.11. The family (w;)i1<i<n defines an isomorphism
Z(C[G]) = ¢l

Proof. Under the isomorphism
h
C[G] ~ [ [ End(W7),
i=1

the center of C[G] is identified with the center of the product. But the center of End(W;)
consists of scalar transformations. Hence

h
zcle) ~[[Jc=ch,

and the coordinate maps are precisely the homomorphisms w. ]

Proposition 2.12. Each algebra homomorphism
w: Z(C[G]) = C
s equal to one of the w;.

Proof. Using the preceding proposition, identify Z(C[G]) with C". The algebra homo-
morphisms C" — C are precisely the coordinate projections. Indeed, if ey, ..., e, are the
standard primitive idempotents of C", then

1=w(l) =w(er) + -+ wlep).
Each w(e;) is an idempotent in C, hence is either 0 or 1. Since the sum is 1, exactly one
of them is 1. Thus w is a coordinate projection, hence one of the w;. ]
2.5 Algebraic Integers and Applications to Degrees

Proposition 2.13. Let x be the character of a representation of the finite group G. Then
X(8) is an algebraic integer for every s € G.

Proof. The number x(s) is the sum of the eigenvalues of p(s). Since s has finite order,
every eigenvalue of p(s) is a root of unity, hence is an algebraic integer. Therefore their
sum x(s) is an algebraic integer. O

Proposition 2.14. Let
u="> u(s)s € Z(C[G])

seG

be such that each coefficient u(s) is an algebraic integer. Then u is integral over Z.
Proof. Let C1,...,C} be the conjugacy classes of GG, and put

€; = S.
i



2.5. ALGEBRAIC INTEGERS AND APPLICATIONS TO DEGREES 31

Choose s; € C;. Since u is central, its coefficient function is constant on conjugacy classes,

u = Z u(s;)e;.

i=1
It suffices to show that the e; are integral over Z. The product e;e; is a linear combination

of the e; with integer coefficients, because multiplication in the group algebra counts
products of group elements. Hence

R=Ze1 & - D Zey

is a subring of Z(C[G]), finitely generated as a Z-module. Therefore each element of R,
in particular each e;, is integral over Z. Since the coefficients u(s;) are algebraic integers,
the element w is integral over Z. O

Corollary 2.15. Let p be an irreducible representation of G of degree n and character
x. If u is as in the preceding proposition, then

S uls)x(s)
seG

s an algebraic integer.

Proof. The displayed number is the image of v under the algebra homomorphism
w: Z(C[G]) = C

associated with p. Since wu is integral over Z, its image under w is also integral over Z,
hence is an algebraic integer. O

Corollary 2.16. The degree of an irreducible representation of G divides |G]|.

Proof. Let p be irreducible of degree n and character x. Take

u = Z x(s™Y)s.

seG

This element is central because x is a class function, and its coeflicients are algebraic
integers. By the previous corollary,

DS st = iy = 9

n
seG
is an algebraic integer. But |G|/n € Q, and a rational algebraic integer is an integer.

Hence n | |G]. O

Proposition 2.17. Let p be an irreducible representation of G of degree n and character
x- Then

Ix(s)l <n

for all s € G, and equality holds if and only if p(s) is a homothety.
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Proof. Let A1, ..., A, be the eigenvalues of p(s). Since s has finite order, the \; are roots
of unity. Therefore
IX(s)[ =M+ + A <.

Equality in the triangle inequality occurs if and only if all A\; have the same argument,
i.e. if and only if A\; = --- = A,,. Since p(s) has finite order, it is diagonalizable, and so
this condition is equivalent to p(s) being a scalar transformation. t

Lemma 2.18. Let \q,..., A\, be roots of unity and put

1 n
=1
If a is an algebraic integer, then either a =0, or

A==\ =a.

Proof. Let A be the product of all Galois conjugates of a over QQ. Since «a is an algebraic
integer, A € Z. For any Galois conjugate o(a), we have

i=1
Each o();) is again a root of unity, so |o(a)| < 1. Hence |A| < 1. Thus A =0or A = +1.

If A =0, then some conjugate of a is zero, so a = 0. If |A| = 1, then every conjugate of
a has absolute value 1, in particular |a| = 1. But a is the average of complex numbers of
absolute value 1. The average has absolute value 1 only when all the )\; are equal. Hence
A==, =a. 0

Proposition 2.19. Let p be an irreducible representation of degree n and character x.
Let s € G, and let c(s) be the number of elements in the conjugacy class of s. Then

is an algebraic integer. In particular, if ged(c(s),n) = 1 and x(s) # 0, then p(s) is a
homothety.

Proof. Let C(s) be the conjugacy class of s, and take

u= Y te Z(C[G)).

teC(s)
All coefficients of u are 0 or 1, so the preceding integrality corollary gives
1 1 c(s)
=S ux®) == > x(t) = ——=x(s)
n n n
teG teC(s)
as an algebraic integer.

Now assume ged(c(s),n) =1 and x(s) # 0. Choose a,b € Z such that

ac(s) +bn =1.
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Then
M) _ ) g

Both terms on the right are algebraic integers, so x(s)/n is an algebraic integer. If
A1, ..., \p are the eigenvalues of p(s), then

X(5) 1~
= _n;AZ.

By the lemma, since x(s) # 0, all \; are equal. Therefore p(s) is a homothety. O

Proposition 2.20. Let s € G, s # 1. Suppose that the conjugacy class of s has cardinality

r

c(s)=p

for some prime p. Then there exists an irreducible character x, not equal to the unit
character, such that

x(s) #0,  x(1) #0 (mod p).
If p is a representation with character x, then p(s) is a homothety.

Proof. Let x1 = 1, x2,...,Xxn be the irreducible characters of G, with n; = x;(1). Since
s # 1, the regular character gives

h
0=> mnixi(s) = 1+ Y nixi(s).
i=1 i£1
Suppose that no irreducible character with the desired properties exists. Then for every
i # 1, either x;(s) =0, or p | n;. Hence

-1= ZniXi(s) =pa
i#1
for some algebraic integer a. Thus 1/p = —a would be an algebraic integer, which is

impossible because the only rational algebraic integers are the ordinary integers. Therefore
such a character y exists.

For this character, n = (1) is prime to ¢(s) = p”. Since x(s) # 0, the previous proposition
implies that p(s) is a homothety. O

2.6 Induced Modules and Frobenius Reciprocity

Let H < G, and let R be a system of left coset representatives for H in G. Recall that a
representation V' of G is induced by a representation W of H if

V:@rw.

This property can be formulated by means of group algebras. Put
W' = C[G] Xc[H] w.
The inclusion W — V extends to a C[G]-homomorphism

i W =V, i(g ®w) = gw.
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Proposition 2.21. The representation V is induced by W if and only if
i: C[G] Qc W =V
18 an isomorphism.

Proof. The elements of R form a basis of C[G] as a right C[H]-module, since every g € G
can be uniquely written as g = rh, with r € R and h € H. Therefore

ClG] @cim W =~ (@ TC[H]) ®cia W =~ @TW

reR reR

Under this identification, the map ¢ is exactly the natural map

@TW‘)V

reR
Thus it is an isomorphism precisely when V' is induced by W. O
It follows from this perspective that the induced representation exists and is unique up
to isomorphism. We denote it by
Ind% (W).

Proposition 2.22. The following properties hold.

1. If V. =Id% (W) and E is a C[G]-module, then

Homc (W, E) ~ Homg(g)(V; E).
Here E is regarded as a C[H]-module by restriction.
2. If H< G <K, then
Ind% (Ind§ W) ~ Ind & (W).

Proof. For (1), using V' = C[G] &) W, a C[G]-homomorphism V' — E is uniquely
determined by its restriction to 1 ® W, and this restriction is C[H]-linear. Conversely,
any C[H]-homomorphism W — E extends uniquely by

g@wr— gf(w).

This gives the desired isomorphism.

For (2), compute
CIK] ®cjq (CIG] ®@ca) W) ~ CIK] ¢ W.

This is exactly the transitivity of induction. O

Proposition 2.23. Let V be a C[G]-module which is a direct sum
V=W,
i€l

of vector spaces permuted transitively by G. Let ig € I, put W = W;,, and let H be the
stabilizer of W in G. Then W is H-invariant and V is induced by W :

V ~ Ind§(W).
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Proof. Since H stabilizes W, the subspace W is H-invariant. By the transitivity of the
action of G on the summands, the translates gW are exactly the summands W;. If R is a
system of representatives of G/H, then these translates are precisely the rW, r € R, and
the direct sum decomposition becomes

V:@rw.

Hence V =~ Ind$ (W). O

Let f be a class function on H. Define a function f’ on G by

oy 1 .
f(s)—@ t;; fttst).
t—lsteH

We say that f’ is induced by f, and we denote it by

Indf(f).

Proposition 2.24. Let f be a class function on H. Then:
1. nd%(f) is a class function on G.
2. If f is the character of a representation W of H, then Ind%(f) is the character of
Ind% (W).

Proof. The first assertion follows directly from the formula: replacing s by a conjugate
only changes the summation variable. The second assertion is the character formula for
the induced representation. Indeed, in the decomposition

Indf (W) = @ rw,
reR

the element s € G permutes the summands. The trace receives contributions precisely
from those summands W such that »—!sr € H, and on such a summand the trace is
f(r~1sr). This gives exactly the displayed formula. O

For two class functions 1, s on G, put

(01,026 = ,(1;| O]
seG

If V4, V, are C[G]-modules, put
<VY17 ‘/2>G = dim HOHI(C[G} (V17 ‘/'2)

For characters these two definitions agree.

Lemma 2.25. If ¢1,19 are characters of Vi, Va, then

(U1, 02)a = (V1, Vo).
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Proof. By complete reducibility, we may reduce to the case where Vi, V5 are irreducible.
Then the equality follows from Schur’s lemma and the orthogonality relations of irre-
ducible characters. O

Theorem 2.26 (Frobenius reciprocity). Let ¢ be a class function on H and let ¢ be a
class function on G. Then

(¥, Res§ o) ir = (IndG ¥, ).

Proof. Since every class function is a linear combination of irreducible characters, we may
assume that 1 is the character of a C[H|-module W, and that ¢ is the character of a
C[G]-module E. It is then enough to prove

(W,Res$; E) g = (Ind§ W, E)¢.
But this is precisely the isomorphism
Homeyz1 (W, E) ~ Homgg(Indf W, E)

from the adjunction property of induction. ]
Remark 2.27. In fact, one does not need H to be a subgroup of G. It is enough to have a
group homomorphism « : H — G, which gives C[G] the structure of a C[H]-algebra. In

this case one may define
Ind, £ = C[G] ®c[g) E

for a C[H]-module E, and if ¢ is the character of a C[G]-module, one defines
Resq o = poa.

Then the same reciprocity formula holds:

<¢> Resa 90>H = <Inda ¢7 90>G

2.7 Mackey Decomposition and Irreducibility Criterion

Let H and K be two subgroups of G, let p: H — GL(WW) be a representation of H, and
put
V = IndG(W).

We want to determine the restriction Res% V.

Choose a set S of representatives for the double cosets

K\G/H,
so that
G=||KsH.
sSES
For s € S, put

H,=sHs 'NK.

This is a subgroup of K. Define a representation p* of Hs; on the same underlying vector
space W by

p(x) = p(s 'as), x € Hy.

We denote this Hz;-module by Wi.
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Theorem 2.28 (Mackey decomposition). There is an isomorphism of C[K|-modules

Res Indf (W) ~ @5 Indjy (Wy).
ses

Proof. We know that V' = Ind% (W) is a direct sum of the subspaces W, indexed by
left cosets tH € G/H. Fix s € S, and let V5 be the subspace generated by the W with
xH C KsH. Since the double cosets KsH are disjoint, we have a direct sum

V=@V.
seS

Each Vj is stable under K, because left multiplication by K does not leave the double
coset KsH.

It remains to identify V;. The subgroup of K consisting of the elements x such that
x(sW) = sW
is exactly
H,=sHs 'NnK.

Indeed, x(sW) = sW if and only if s"'zs € H. Thus Vj is the direct sum of the translates
xz(sW), with  running through representatives of K/Hs. By the transitive-summand
criterion for induction,

Vi o~ Indgs (sW).

Finally, the map
Ws — sW, w > Sw,

is Hg-linear, since for x € Hj,
1

z(sw) = s(s™ xs)w.
Hence sW ~ W, as Hs;-modules, and therefore
Vi ~ Indfy (W;).

Summing over s € S gives the result. O

Remark 2.29. If t € KsH, say t = ksh with k € K and h € H, then
Hy =tHt ' NK = kHk ™

Thus the induced representation obtained from a double coset is independent, up to
isomorphism, of the representative chosen.

We now focus on the case K = H. For s € (G, write
Hy,=sHs 'NH.

Theorem 2.30 (Mackey’s irreducibility criterion). Let p : H — GL(W) be a representa-
tion of H. Then Ind% (W) is irreducible if and only if:

1. W is irreducible;
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2. for each representative s ¢ H of a nontrivial double coset in H\G/H, the two
Hg-representations
ResgS(W) and W

are disjoint, i.e.
{Respy (W), W3>H5 = 0.
Proof. Let
V = Ind§(W).
Then V is irreducible if and only if
<V> V>G =1
By Frobenius reciprocity,
(V,V)g = (W,Res§ V).
Applying Mackey decomposition with K = H, we obtain
Res V ~ @ Inng(Ws).
seH\G/H
Thus, again using Frobenius reciprocity,
(V,V)g = Z <ResgS(W),WS>HS.
seH\G/H

For the double coset represented by s = 1, we have H;, = H and W, = W, so the
corresponding term is

(W W)n.
Therefore the whole sum equals 1 if and only if W is irreducible and all the remaining
nonnegative integer terms vanish. This is exactly the stated criterion. O

Corollary 2.31. If moreover H is normal in G, then Indg(p) is irreducible if and only
if p is irreducible and p is not isomorphic to any of its conjugates p® for s ¢ H.

Proof. If H <G, then for every s € G,
Hy=sHs 'NH=H.

Thus the Mackey criterion says that Ind% (p) is irreducible if and only if p is irreducible
and, for each s ¢ H, the two H-representations p and p® are disjoint. Since both are
irreducible, this is equivalent to saying that they are not isomorphic. O

Corollary 2.32. Let k be a finite field, let G = SLa(k), and let H be the subgroup of

matrices
a b
c d

with ¢ = 0. Let w : k* — C* be a homomorphism, and define a degree-one character of
H by
a b
Xw <0 d> = w(a).

Ind?[(Xw)

Then

is irreducible if w? # 1.
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Proof. We use Mackey’s criterion. By the Bruhat decomposition for SLa(k),
0 -1
G =HUHwH, w—<1 O>'

Thus only the nontrivial double coset represented by w needs to be checked. We have

Hw:HﬂwHw_lz{(g a91> :aekx}.

On this subgroup,

The conjugate character is

For
v a O
—\0 al)’
we have
wlzw = at 0
L0 a)’
SO

Xo (@) =w(a™) = w(a) ™"
Thus xo|g, and XY are disjoint precisely when w # w™!, i.e. when w? # 1. Since Y, is
one-dimensional, it is irreducible. Mackey’s criterion gives the claim. O

2.8 Virtual Characters and the Representation Ring

Let x1,...,xn be the distinct irreducible characters of G. A class function on G is
a character if and only if it can be written as a linear combination of the y;’s with
nonnegative integer coefficients. We denote the set of such characters by R*(G), and the
subgroup generated by R*(G) by R(G). Thus

RG)=Zx1® - ® Zxn.

An element of R(G) is called a wvirtual character. Since the product of two characters is
a character, R(G) is a subring of the ring F.(G) of all class functions on G. Since {x;} is
a basis of F.(G), we have

C®z R(G) ~ F.(G).

Definition 2.33. Let (M,+) be a unitary commutative monoid containing zero. A
Grothendieck group of M is an abelian group K (M) together with a monoid homomor-
phism

M — K(M)

satisfying the following universal property: for any abelian group A and any monoid
homomorphism f : M — A, there exists a unique group homomorphism

f:K(M)— A
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such that the diagram
M — K

(M)
\ f!f

Therefore R(G) can also be viewed as the Grothendieck group of the category of finitely
generated C[G]-modules.

commutes.

If H < @G, restriction defines a homomorphism
Res% : R(G) — R(H).
Similarly, induction defines a homomorphism

Ind% : R(H) — R(QG).

2.9 Artin Induction Theorem

Let R(G) denote the abelian group of virtual characters of G. If H < G, we write Ind%
and Res% for induction and restriction of virtual characters.

Theorem 2.34 (Artin induction theorem). Every virtual character of G is a rational
linear combination of characters induced from one-dimensional characters of cyclic sub-
groups. Equivalently,

R(G) ®z Q

1s generated over Q by characters of the form
nd§ A,

where C < G is cyclic and X is a one-dimensional character of C.

Proof. Let M be the subgroup of R(G) generated by all characters
Indg \,

where C' runs through the cyclic subgroups of G, and A runs through the irreducible
characters of C'. Since C is cyclic, all irreducible characters of C are one-dimensional.

We first show that M has full rank in R(G). It is enough to prove that the complex
span of M is the whole space F.(G) of class functions on G. Suppose that f € F.(G) is
orthogonal to every generator Indg A of M. Then by Frobenius reciprocity,

0= (f,Ind@ \)¢ = (Res& f, \)c

for every cyclic subgroup C' < G and every irreducible character A of C. Since irreducible
characters form an orthonormal basis of the class functions on C, it follows that

Resl f =0

for every cyclic subgroup C' < G. For any g € G, taking C' = (g) gives f(g) = 0. Thus
f = 0. Hence the orthogonal complement of the complex span of M is zero, and the
complex span of M is all of F.(G).
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Therefore M has the same rank as R(G). Since R(G) is a free abelian group of finite
rank, R(G)/M is finite. Hence for every x € R(G), there exists a positive integer N such
that

Nx e M.

Thus x € M ®z Q, which is exactly the assertion. O

Corollary 2.35 (Finite-index form). Let M C R(G) be the subgroup generated by the
characters

Indg \,

where C < G is cyclic and X\ is a one-dimensional character of C. Then M has finite
index in R(G).

Proof. In the proof of Artin induction, we showed that M has the same rank as R(G).
Since R(G) is a free abelian group of finite rank, a subgroup of the same rank has finite
index. O

Corollary 2.36 (Detection by cyclic subgroups). Let x € R(G) be a virtual character.
If
Resg x=0

for every cyclic subgroup C < G, then x = 0.

Proof. For every g € G, take C' = (g). Since Resgx = 0, evaluating at g gives x(g) = 0.
Thus x vanishes on every element of GG, so xy = 0. O

Corollary 2.37 (Irreducibles occur in cyclic inductions). Let x be an irreducible character
of G. Then there exists a cyclic subgroup C < G and a one-dimensional character \ of
C such that x is a constituent of Indg A. Equivalently,

(x,Ind& N)¢ # 0

for some (C, ).
Proof. By Artin induction, we may write

X = Eacy)\ Indg )\, ac € Q
C\

Taking inner product with x, we get

1= <X7X>G = ZQC,)\<Indg A7X>G~
C\

Therefore at least one term has

(Ind& \, x)¢ # 0.

Since this inner product is the multiplicity of y in Indg A, the claim follows. O
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Corollary 2.38 (A vanishing criterion for class functions). Let f be a class function on
G. If
(f,IndG Ng =0

for every cyclic subgroup C < G and every one-dimensional character \ of C, then f = 0.
Proof. By Frobenius reciprocity,
(f,Ind& \)g = (Res& f, \)c.

Thus Resg f is orthogonal to every irreducible character of C'. Since C is cyclic, its
irreducible characters form an orthonormal basis for its class functions. Hence Res& f = 0.
Taking C' = (g) for each g € G, we get f(g) =0 for all g, so f = 0. O
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