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Preface

These notes are written as a structural version of advanced linear algebra. The first part develops
vector spaces, quotients, duality, universal properties, tensor products, and exterior powers. The
second part introduces modules over principal ideal domains and uses this language to reinterpret
the structure theory of linear operators. The guiding idea is that many familiar constructions are
best understood not by coordinates, but by the mapping properties that characterize them.

Throughout the first five chapters, vector spaces are taken over a fixed field F. From Chapter
6 onward, R denotes a commutative ring with identity, and later a principal ideal domain when
explicitly stated.



Chapter 1

Vector Spaces and Bases

1.1 Vector Spaces and Linear Combinations

Definition 1.1. A vector space over a field F is an abelian group (V,+) together with a scalar
multiplication
FxV —1YV, (a,v) — av,

satisfying the usual distributive, associative, and unit axioms:
av+w)=av+aw, (a+bv=av+bv, a(bv)= (abv, lv=o.

Definition 1.2. Let V be a vector space and let S C V. A vector v € V is called a linear
combination of elements of S if there exist s1,...,s, € S and ay,...,a, € F such that

V=a181 + -+ apSn.
The set of all linear combinations of elements of S is denoted by span(S).

Proposition 1.3. For every subset S C V, the set span(S) is a subspace of V' and is the smallest
subspace of V' containing S.

Proof. First 0 € span(.5), since 0 is the empty linear combination, or equivalently 0 = 0Os if S is
nonempty. If u,v € span(S), then there exist finite expressions

m n
u:Zaisi, v:ijtj,
i=1 j=1
where s;,t; € S. Then
m n
uU—+v= Zaisi+2bjtj
i=1 j=1

is again a finite linear combination of elements of S. If ¢ € F, then

m

cu = Z(cai)si,

=1

so cu € span(S). Thus span(S) is a subspace.

It clearly contains S, since every s € S equals 1s. If W C V is any subspace containing S, then
W is closed under finite linear combinations. Hence every element of span(.S) lies in W. Therefore
span(S) C W, proving that span(S) is the smallest subspace containing S. O

4



CHAPTER 1. VECTOR SPACES AND BASES 5

Definition 1.4. A subset S C V is called spanning if span(S) = V. It is called linearly independent
if for every finite subset {si,...,s,} C S, the equality

a1s1+ -+ aps, =0
implies a1 =--- =a, =0.

Proposition 1.5. Let S C V be linearly independent and let v € V. Then S U {v} is linearly
independent if and only if v ¢ span(S).

Proof. Suppose first that v € span(S). Then there exist s1,...,s, € S and ay,...,a, € F such
that
V=a181+ -+ anSp-

Thus
V—ais1 — -+ — apSy, =0

is a nontrivial linear relation among elements of SU{v}, since the coefficient of v is 1. Hence SU{v}
is linearly dependent.
Conversely, suppose S U {v} is linearly dependent. Then there is a nontrivial relation

cv+aist+---+apsp, =0

with s; € S. If ¢ = 0, then the relation would be a nontrivial relation among elements of S,
contradicting the linear independence of S. Hence ¢ # 0, and

v=—c Yais; + -+ ans,) € span(9).

This proves the equivalence. O

1.2 Bases and Dimension

Definition 1.6. A subset B C V is called a basis of V' if B is linearly independent and spans V.

Proposition 1.7. Let B C V. Then B is a basis of V' if and only if every vector v € V' can be
written uniquely in the form
v=aiby + -+ apby

with a; € F and b; € B distinct.

Proof. Suppose B is a basis. Since B spans V, every v € V admits at least one expression as a
finite linear combination of elements of B. Suppose

m n
v = Zaibi = ch'dj.
i=1 j=1
After collecting all basis elements appearing in either expression, this gives a relation
D> Xe=0
eckE

where FE is a finite subset of B. Since B is linearly independent, all A\, are zero. Hence the two
expressions have the same coefficients for every basis element. Thus the expression is unique.
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Conversely, if every vector has a unique expression as a finite linear combination of elements of
B, then B spans V. If
aiby + -+ anby, =0,
then this is an expression of 0. But 0 also has the empty expression, in which all coefficients are

zero. By uniqueness, a; = -+ = a, = 0. Hence B is linearly independent. Therefore B is a
basis. O

Lemma 1.8 (Zorn’s lemma argument). Let S C V' be linearly independent. Then there exists a
basis B of V such that S C B.

Proof. Let P be the set of all linearly independent subsets of V' containing S, ordered by inclusion.
This set is nonempty because it contains S. Let {S,}aca be a chain in P. Put

Soo = U S,

acA
We claim that S, is linearly independent. Indeed, any finite subset of S, is contained in one of
the S,, because the family is totally ordered by inclusion. Since that S, is linearly independent,
the finite subset is linearly independent. Thus S, € P and is an upper bound for the chain.
By Zorn’s lemma, P has a maximal element B. We show that B spans V. If not, choose
v € V'\span(B). By Proposition 1.3, BU{v} is linearly independent, contradicting the maximality
of B. Hence span(B) =V, so B is a basis containing S. O

Theorem 1.9. Fvery vector space has a basis.

Proof. The empty set is linearly independent. Applying the preceding lemma to S = @ gives a
basis of V. 0

Lemma 1.10 (Replacement lemma). Let V' be a vector space generated by n vectors. Then any
linearly independent subset of V' has at most n elements.
Proof. Let V = span(vy,...,v,) and let wy, ..., wy, be linearly independent. We prove by induction
on r that, after replacing r of the v; by wy,...,w,, we still have a spanning set of V. For r =0
this is clear.
Assume 0 < r < m and that
{wi, ..., w0, 0}

spans V. Since w,41 lies in its span, we may write

/ /
Wryl = QW1 + -+ + QpWp + bpyp1vp g + -+ by,

At least one coefficient b; is nonzero; otherwise w,;1 would lie in span(ws, ..., w,), contradicting
the linear independence of the w;. After reindexing the remaining v’ terms, suppose b, 1 # 0. Then
v)., can be solved as a linear combination of w1, ..., w,41,v) 9, .., v,. Hence replacing v, by
wy41 preserves the span.

If m > n, after n replacements we obtain that w, ..., w, span V. Then w41 € span(wi,...,wy),
contradicting linear independence. Therefore m < n. O

Theorem 1.11. Any two finite bases of a vector space have the same cardinality.

Proof. Let B and C' be finite bases. Since B spans V and C is linearly independent, the replacement
lemma gives |C] < |B|. Since C spans V and B is linearly independent, the same lemma gives
|B| <|C|. Hence |B| = |C]|. O

Definition 1.12. If V has a finite basis, the common cardinality of all finite bases is called the
dimension of V' and is denoted by dim V. If V' has no finite basis, we say V is infinite-dimensional.
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1.3 Subspaces and Direct Sums

Definition 1.13. Let {W;};cr be a family of subspaces of V. The sum of the family is

ZWi:{wi1+"-+wininZOv wi, € Wi, }-

el

The sum is called direct if every vector in ), W; has a unique expression as a finite sum of elements
from the W;. In that case we write
P

i€l
Proposition 1.14. For subspaces Wy, ..., W, CV, the sum Wy + ---+ W, is direct if and only if

whenever
wy+ - F+wp, =0, w; € Wi,

one has wy = --- =w, = 0.

Proof. Suppose the sum is direct. Since 0 has the expression 0 + - - - + 0, uniqueness implies that
any expression wi + - - - + w, = 0 has all w; = 0.
Conversely, suppose the stated condition holds. If a vector v has two expressions

/ /

then
(w1 —wh) + -+ (wn, —wy,) = 0.

Since w; — w, € W;, the condition gives w; — w} = 0 for all <. Hence w; = w} for all i, so the
expression is unique. Thus the sum is direct. ]

Corollary 1.15. For two subspaces Uy W C V', the sum U+ W is direct if and only if UNW = {0}.

Proof. If U + W is direct and z € U N W, then z + (—z) = 0 with x € U and —z € W. By the
preceding proposition, 2 = 0. Hence U N W = {0}.

Conversely, suppose U NW = {0}. If u+w =0, thenu=—-w e UNW,sou =0 and w = 0.
By the preceding proposition, U + W is direct. ]

Proposition 1.16. Let Wy,...,W,, CV be finite-dimensional subspaces. If B; is a basis of W; for
each v, then Wy + -+ + W, is direct if and only if By U---U By, is a basis of W1 + -+ + W,.

Proof. The union B; U ---U B,, always spans W; + --- + W,,. Thus it remains to discuss linear
independence.

Suppose the sum is direct. If
n

Z Z ai,bb = Oa

i=1 beB;

then for each 4, the vector w; = ZbeBi a;pb lies in W;, and w1 + --- + w, = 0. Directness gives
w; = 0 for every ¢. Since B; is a basis, all coefficients a;; are zero. Hence the union is linearly
independent.

Conversely, suppose the union is a basis. If wy + -+ + w, = 0 with w; € W;, express each w;
in the basis B;. This gives a linear relation among vectors in By U --- U By. Since this union is
linearly independent, all coefficients are zero, so every w; = 0. Hence the sum is direct. 0
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Corollary 1.17. If V =W, & --- & W, and each W; is finite-dimensional, then

dimV = Zdim Wi,
=1

Proof. Choose a basis B; of each W;. By the preceding proposition, By U ---U B,, is a basis of V.
Therefore

n n
dimV = [ByU---UBy|=> [Bi| =) dimW;.
=1 =1

1.4 External Direct Sums and Products

Definition 1.18. Let {V;};er be a family of vector spaces. The external direct product is

[1Vi = {(iier - vi € Vi}.

el

The external direct sum is

@ Vi = {(vi)ig € H V; :v; = 0 for all but finitely many z} .
iel icl

Proposition 1.19. Both [[; Vi and @,V; are vector spaces under componentwise addition and
scalar multiplication. If I is finite, then

v -IIv

el el

Proof. Componentwise addition and scalar multiplication satisfy the vector space axioms because
each V; does. Thus HZ V; is a vector space. The direct sum is closed under addition because the
union of two finite supports is finite, and it is closed under scalar multiplication because scalar
multiplication does not enlarge support. Hence it is a subspace of the product.

If I is finite, every element of the product has finite support automatically. Thus the product
and direct sum are equal. O



Chapter 2

Quotients, Linear Maps, and
Isomorphism Theorems

2.1 Quotient Spaces

Definition 2.1. Let W C V be a subspace. Define an equivalence relation on V' by
v~v = v—1 eW.

The equivalence class of v is denoted by v + W and is called a coset of W.

Proposition 2.2. The relation ~ is an equivalence relation.

Proof. For every v € V,v—v=0¢€ W,sov ~wv. If v ~ v, then v — v € W, hence v/ —v =
—(w=2v)eW,s0v ~v. Ifv~v and v/ ~v”, then v —v' € W and v/ —v” € W, so

" / / /i
v—v' =(w-=0v)+ @ -0")eW
Thus v ~ v". Hence ~ is reflexive, symmetric, and transitive. O
b b

Definition 2.3. The quotient set V/W is the set of cosets v + W. Define addition and scalar

multiplication by
(W+W)+ @ +W)=(v+d)+W,

alv+ W) =av+W.
Proposition 2.4. The operations above are well-defined, and V/W is a vector space.
Proof. Suppose v +W =0+ W and v/ +W =0+ W. Then v — 0 € W and v' — ¢ € W. Hence
(w+d)—(0+0)=@w—-0)+ (0 —0)eW,
so (v+ ')+ W = (04 ?") + W. Thus addition is well-defined. Similarly, for a € F,
av —av =a(v—10) € W,

so scalar multiplication is well-defined.
The vector space axioms follow from the corresponding axioms in V. For example, associativity
of addition follows because
(ut+ W)+ 0+ W)+ (w+ W) =((u+v)+w)+ W= (ut (v+w))+ W

The zero vector is 0 + W = W, and the additive inverse of v + W is (—v) + W. Therefore V/W is
a vector space. ]
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2.2 Linear Transformations
Definition 2.5. Let V, W be vector spaces. A map T : V — W is called linear if
T(av + bv') = aT'(v) + bT (V')

for all a,b € F and all v,v’ € V. The vector space of all linear maps from V to W is denoted by
Homp(V, W) or L(V,W).

Proposition 2.6. The set L(V, W) is a vector space under pointwise addition and scalar multipli-
cation.

Proof. For S,T € L(V,W) and a € FF, define
(S+T)(v)=Sw)+T(v), (aT)(v) = aT(v).
If v,9" € V and ¢,d € F, then
(S+T)(cv+dv') = S(cv+ dv') + T(cv + dv')
=cS(v) +dSW') + cT'(v) +dT (V') = (S + T)(v) + d(S + T) (V).
Thus S + T is linear. Similarly,
(aT)(cv + dv") = aT(cv + dv') = acT(v) + adT (V") = c(aT)(v) + d(aT)(v"),
so a1’ is linear. The vector space axioms are inherited pointwise from W. O
Definition 2.7. For a linear map 7' : V. — W, define
kerT ={v eV :T(v) =0}, imT ={T(v):veV}.

Proposition 2.8. Let T : V — W be linear. Then ker T is a subspace of V and imT is a subspace
of W.

Proof. If v,v' € ker T and a,b € F, then
T(av + b') = aT(v) + bT (V") = 0,

so av + bv’ € ker T'. Thus ker T is a subspace.
If w,w' € imT, then w = T(v) and w’ = T(v) for some v,v" € V. For a,b € F,

aw + bw' = aT(v) +bT(v") = T(av + bv') € im T.
Thus im T is a subspace. O

Proposition 2.9. A linear map T : V. — W s injective if and only if ker T = {0}.

Proof. Suppose T is injective. If v € ker T', then T'(v) = 0 = T(0), so v = 0. Thus ker T" = {0}.
Conversely, suppose ker T' = {0}. If T'(v) = T'(v'), then T'(v —v’) =0, so v — v’ € ker T' = {0}.
Hence v = v/, and T is injective. O
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2.3 The First Isomorphism Theorem

Theorem 2.10 (First isomorphism theorem). Let T : V' — W be linear. Then there is a canonical
isomorphism
V/kerT =imT

given by
v+kerT — T(v).

Proof. Define T : V/ker T — imT by T(v+kerT) = T'(v). We first check that this is well-defined.
Ifv+kerT =o' +kerT, then v — v € kerT, so T'(v —v') = 0, hence T(v) = T(v').
The map is linear because

T(a(v+kerT)+b(v' +kerT)) = T((av + bv') + ker T')

=T(av+ ') = aT(v) + bT(v") = aT(v + ker T) + bT(v' + ker T).

It is surjective by definition of imT. If T'(v + ker T') = 0, then T'(v) = 0, so v € ker T, and hence
v+kerT = 0+ ker T. Thus T is injective. Therefore T is an isomorphism. O

2.4 Rank-Nullity
Definition 2.11. If T': V — W is linear and V is finite-dimensional, define
rankT = dimim T, nullity T = dim ker 7T

Theorem 2.12 (Rank-nullity theorem). Let T': V — W be a linear map and assume V is finite-

dimensional. Then
dimV =dimkerT + dimim 7.

Proof. Choose a basis u1,...,u, of kerT. Extend it to a basis
Ulye ooy Up,V1y...,VUg

of V. We claim that T'(v1),...,T(vs) is a basis of im 7.
First, it spans im 7. If w € im T, then w = T'(v) for some v € V. Write

T S
V= Zaiui + ijvj.
i=1 j=1
Applying T gives
S
w=T(v) = b;T(vy),
j=1

because T'(u;) = 0. Thus the T'(v;) span im T'.
They are linearly independent. If

Z bjT(Uj) = 0,
7j=1
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then T'(3_; bjv;) =0, s0 3, bjv; € ker T'. Hence

s T
E ijj = E a;Us;
7j=1 =1

for some coefficients a;. Since w1, ..., u,,v1,...,v, is a basis, all bj = 0. Thus T'(v1),...,T(vs) is a
basis of im T'.
Therefore dimker T’ = r and dimim T = s, while dimV =r + s. O

2.5 Matrices and Change of Basis

Definition 2.13. Let V, W be finite-dimensional vector spaces with ordered bases
A= (v1,...,0), B = (wy,...,wn).

For T': V. — W linear, the matrix of 7" with respect to A and B is the m x n matrix [T]p 4 = (aij)
determined by

m
T(Uj) = Zaijwi.
i=1
Proposition 2.14. Let S : U = V and T : V — W be linear maps between finite-dimensional
vector spaces with ordered bases A for U, B for V, and C for W. Then

[T o Slc,a = [Te,B[S]B,a-
Proof. Write A = (uy,...,u,), B= (v1,...,v,), and C = (w1, ..., Wy). Suppose

S(u]) = Z bkjvk, T(Uk) = Z AipW;.
k=1 =1
Then
k=1 k=1 k=1 i=1

Thus the coefficient of w; in T'(S(u;)) is

n
> airbiy,
k=1
which is precisely the (4, j)-entry of the product [T]¢ g[S]|B,A- O
Proposition 2.15. Let T : V. — V be linear and let A, B be two ordered bases of V. Let P =
lidy]a,p be the change-of-basis matriz from B-coordinates to A-coordinates. Then
[T)p,p = P~ [T]aaP.
Proof. By the composition rule,
[Tla,s = [T]a,alidv]as = [T]aaP.
Also
[Tla,5 = lidv]a,8[T]8,8 = P[T|B,B-
Therefore P[T)|p g = [T]a.aP. Since P is invertible, multiplying by P~! on the left gives

[T)g5 =P 'T|aaP.



Chapter 3

Dual Spaces and Annihilators

3.1 Dual Spaces

Definition 3.1. The dual space of a vector space V is
V* = Homp (V, F).

Elements of V* are called linear functionals.

Definition 3.2. Let V be finite-dimensional with ordered basis B = (v1,...,v,). The dual basis
B* = (v},...,v}) of V* is defined by

vi (vj) = bij-
Proposition 3.3. If B = (v1,...,v,) is a basis of V', then B* = (v],...,v}) is a basis of V*.
Proof. First, the functionals v} are linearly independent. If

avi + - +apv;, =0,

then evaluating at v; gives
n
a; = Zaiv;‘(vj) =0.
i=1

Thus all a; = 0.
Now let f € V*. We claim

f=Y flo;.
i=1

Indeed, the two sides agree on each basis vector v;:

n

(Z f(Ul)vz*> (vj) = Z f(vi)oi; = f(vy).

i=1

Since two linear maps that agree on a basis are equal, the claim follows. Therefore B* is a basis of
V. O

Corollary 3.4. If V is finite-dimensional, then
dim V* = dim V.

13
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Proof. A basis of V' with n elements gives a dual basis of V* with n elements. Hence dim V* =
n=dmV. O
Definition 3.5. The canonical map from V to its double dual is

v V— V" v (o)(f) = f(v)
forveVand f e V*

Proposition 3.6. The map ny : V. — V™ is linear and injective. If V is finite-dimensional, then
it is an isomorphism.

Proof. For a,b € F and v,w €V,

v (av +bw)(f) = flav +bw) = af(v) +bf(w) = any (v)(f) + by (w)(f).

Thus ny is linear.

If v # 0, extend {v} to a basis v, ve,...,v, of the subspace it generates inside a basis of V; in
the infinite-dimensional case, use Zorn’s lemma to extend {v} to a basis of V. Define f on that
basis by f(v) =1 and f(b) = 0 for all other basis vectors. Then f € V* and ny(v)(f) = 1. Hence
ny(v) # 0, so ny is injective.

If V is finite-dimensional, then dimV = dim V* = dim V**. An injective linear map between
finite-dimensional spaces of the same dimension is an isomorphism. ]

3.2 Dual Maps
Definition 3.7. Let T: V — W be linear. The dual map, or adjoint map, is
T°:W* — V¥, T*(f)=foT.
Proposition 3.8. The map T* is linear. Moreover, if S:U —V andT :V — W, then
(ToS)"=58"oT".
Also idy, = idy=.
Proof. For f,g € W* and a,b € F,
T*(af +bg) = (af +bg) o T = a(f o T) + b(g o T) = aT*(f) + bT*(g).

Thus T™ is linear.
For h € W™,
(ToS)"(h)=hoToS=5"(hoT)=S*(T*(h)).
Thus (T' 0 S)* = S* o T*. Finally,
idy (f) = foidy = f,

so idy, = idy-. O
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3.3 Annihilators

Definition 3.9. Let S C V. The annihilator of S is
SO={feV*:f(s)=0forall seS}.

If W C V is a subspace, W0 is also called the annihilator of W .

Proposition 3.10. For every subset S C V, the annihilator S° is a subspace of V*.
Proof. Let f,g € S° and a,b € F. For every s € S,
(af +bg)(s) = af(s) +bg(s) = 0.
Thus af + bg € SV, so S is a subspace. O
Proposition 3.11. Let V be finite-dimensional and let W C 'V be a subspace. Then

dim W + dim W° = dim V.

Proof. Choose a basis wi, ..., w, of W and extend it to a basis

Wiy ewoy Wry Uptls---5Un
of V. Let

WY, Wy Vg e, Uy,
be the dual basis. We claim that v}, ..., v} form a basis of W°.

Each v} with j > r vanishes on wy, ..., wr, hence lies in WO, If
T n
f= Zaiwf + Z bjvi € WP,

i=1 j=r+1

then evaluating at w; gives a; = f(w;) = 0 for 1 <i < r. Hence f lies in the span of vy, ,...,v;.

These functionals are linearly independent because they are part of a basis of V*. Thus they form
a basis of W°. Therefore
dimW° =n —r = dimV — dim W.

3.4 Duality and Quotients
Theorem 3.12. Let W C V be a subspace. There is a canonical isomorphism
(V/W)* =W,
Proof. Let m: V — V/W be the quotient map. Define
o (V/W) — VF, O(f)=fom.

If w € W, then m(w) = 0, so (f om)(w) = 0. Thus ®(f) € W°, and we may view ® as a map
(V/W)* — WY,
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The map ® is linear by the linearity of composition. It is injective: if f o m = 0, then for every
coset v+ W e V/W,

flo+W) = f(m(v)) = (f om)(v) =0,
so f=0.
It is surjective. Let g € W°. Define g : V/W — F by
9w+ W) = g(0)

This is well-defined: if v + W = v/ + W, then v —v' € W, so g(v — v') = 0, hence g(v) = g(v'). It
is linear because ¢ is linear. Finally, ®(g) = gom = g. Hence ® is an isomorphism. O

Proposition 3.13. Let T : V — W be linear. Then
ker T* = (im T)°.
If V and W are finite-dimensional, then
imT* = (ker T)°.

Proof. For f € W*, we have f € ker T™* if and only if foT = 0, which holds if and only if f vanishes
on every vector of the form T'(v). This is exactly the condition f € (im7)°.

Assume now that V and W are finite-dimensional. If f € imT*, then f = g o T for some
geW*. ForvekerT, f(v) = g(T(v)) =0, so f € (ker T)°. Hence imT* C (ker T')°.

To prove equality, compare dimensions. By rank-nullity applied to T,

dimim 7" = dim W* — dim ker T™*.
Using ker T* = (im T')° and the dimension formula for annihilators,
dimker 7% = dim W — dimim 7.

Thus
dimim7T* =dimW — (dim W — dimim7T') = dimim 7.

On the other hand,
dim(ker T')° = dim V — dimker T’ = dim im T

by rank-nullity. Therefore the inclusion im T* C (ker T')? is an equality. O



Chapter 4

Universal Properties in Linear
Algebra

4.1 Categories, Functors, and Universal Properties

Definition 4.1. A category C consists of the following data:
(i) a class of objects Ob(C);

(ii) for every pair of objects X,Y, a set Hom¢(X,Y) whose elements are called morphisms from
XtoY;

(iii) for every object X, an identity morphism idx € Hom¢(X, X);
(iv) for every triple of objects X,Y, Z, a composition law

Home (Y, Z) x Home(X,Y) — Home(X, Z),  (g.f) = go f.

These data are required to satisfy associativity
ho(gof)=(hog)of
whenever both sides are defined, and the identity laws
foidx = f, idyof =f
for every morphism f: X — Y.

Example 4.2. The category Vecr has vector spaces over F as objects and linear maps as mor-
phisms. The category R-Mod has R-modules as objects and R-linear maps as morphisms. The
category Set has sets as objects and functions as morphisms.

Definition 4.3. A morphism f: X — Y in a category C is called an isomorphism if there exists a
morphism ¢ : ¥ — X such that

go f=idx, fog=idy.
In this case g is called the inverse of f.

Proposition 4.4. The inverse of an isomorphism is unique.

17
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Proof. Suppose g,h: Y — X are both inverses of f: X — Y. Then
g=goidy =go(foh)=(gof)oh=idxoh=h.
Hence the inverse is unique. O

Definition 4.5. Let C and D be categories. A covariant functor F' : C — D assigns to every object
X of C an object F(X) of D, and to every morphism f : X — Y a morphism F(f): F(X) — F(Y),
such that

F(idX):idF(X)a F(go f)=F(g)o F(f).

A contravariant functor from C to D is a covariant functor C°? — D, where C°P is the opposite
category.

Example 4.6. The dual construction is a contravariant functor
(—=)* : Vecyp — Vecy.
It sends a vector space V to V* and a linear map T': V — W to T* : W* — V*. The identities
(ToS)=8"oTr, idj, = idy~
are precisely the functoriality axioms.

Definition 4.7. Let C be a category. An object I is called initial if for every object X there exists
exactly one morphism I — X. An object T is called terminal if for every object X there exists
exactly one morphism X — T

Proposition 4.8 (Uniqueness of initial and terminal objects). Initial objects are unique up to
unique tsomorphism. Terminal objects are also unique up to unique isomorphism.

Proof. Let I and I’ be initial objects. Since I is initial, there is a unique morphism f : I — I’
Since I’ is initial, there is a unique morphism ¢ : I’ — I. The composite go f : I — I is a morphism
from I to itself. But id; is also such a morphism. By the uniqueness in the definition of initial
object, g o f = id;. Similarly f o g =idy. Thus f is an isomorphism.

If h : I — I’ is any other isomorphism compatible with the initial structure, it is in particular
a morphism from I to I’, hence by uniqueness h = f. Therefore the isomorphism is unique.

The proof for terminal objects is dual: if T'and T” are terminal, there are unique morphisms 7" —
T’ and T' — T, and their composites must be the identity morphisms by terminal uniqueness. [J

Definition 4.9. A universal property characterizes an object by a mapping property. More pre-
cisely, one often constructs a category of possible solutions to a problem; a universal solution is an
initial or terminal object in that category.

Remark 4.10. In practice, this means that an object is not characterized by its elements or by
a coordinate description, but by how maps into or out of it correspond to simpler data. Quotient
spaces, direct sums, direct products, tensor products, kernels, and cokernels are all examples of this
principle.
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4.2 Quotients

Theorem 4.11 (Universal property of quotient spaces). Let W C V' be a subspace and let w:V —
V/W be the quotient map. If T : V — U is linear and W C ker T, then there exists a unique linear
map

T:V/W —=U

such that
T=Ton.
Proof. Define T(v+ W) =T(v). fv+W =v + W, thenv —v € W CkerT, so T(v—v') =0
and T'(v) = T'(v"). Thus T is well-defined. It is linear because
T(a(v+W)+b( +W)) =T((av+ bv'") + W) =T (av + b')

=aT(v) +bT (V) =aT(v+W)+bT (W +W).

For every v € V,

(Tom)(v)=T(v+ W) ="T(v),
soT=Tom.
For uniqueness, suppose S : V/W — U is linear and T'= S o w. Then for every coset v + W,
S+ W) =S8(r()=Tw) =T(v+W).
Thus S =T. 0

Remark 4.12. Categorically, V/W is an initial object in the category whose objects are pairs
(U,T) with T : V — U linear and W C ker T, and whose morphisms (U,T) — (U’,T") are linear
maps a : U — U’ such that 7" =aoT.

4.3 Direct Sums as Coproducts

Theorem 4.13 (Universal property of direct sums). Let {V;}icr be a family of vector spaces and
let v; : Vi = @, Vi be the canonical inclusion. For every vector space W and every family of
linear maps f; : V; — W, there exists a unique linear map

fvi-w
i€l
such that f o, = f; for all .

Proof. For v = (v;)ier € @, Vi, only finitely many v; are nonzero. Define

F) =" fi(w),

el

where the sum is finite because v has finite support. This map is linear by componentwise addition
and scalar multiplication. For v; € V;, the element ¢;(v;) has v; in the i-th component and zero
elsewhere, so

f(ei(vi)) = fi(vi).
Thus f Ol = fz
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If g : @, Vi = W is another linear map with go¢; = f;, then every v € €, V; can be written as

a finite sum
v= Z ti(vi).
i€l
Therefore
gw) = glti(vi)) =>_ filvi) = f(v).
1 1

Hence g = f, proving uniqueness. O

Corollary 4.14. There is a natural isomorphism

Homp (@ v;,w) o HHom]F(V;,W).

i€l i€l

Proof. Define
® : Homp <€B Vi, W) — | [ Homg (V;, W)

by ®(f) = (f o¢;);- The universal property says precisely that for every family (f;); there is a
unique f with fo¢; = f;. Hence @ is bijective. It is linear because composition with ¢; is linear in
f for each i. Therefore @ is an isomorphism. O

4.4 Direct Products as Products

Theorem 4.15 (Universal property of direct products). Let {V;}icr be a family of vector spaces
and let m; : [[,c; Vi — Vi be the canonical projection. For every vector space W and every family
of linear maps g; : W — V;, there exists a unique linear map

g: W]V
i€l
such that ; 0 g = g; for all i.

Proof. Define
g(w) = (gi(w))ier-

This is an element of the product. The map g is linear because for a,b € F and w,w’ € W,
glaw +bw') = (gi(aw + dw')); = (agi(w) + bgi(w")); = ag(w) + bg(w').

Clearly m;(g(w)) = gi(w), so m; 0 g = g;.
If h: W — ], Vi also satisfies m; 0 h = g; for all ¢, then for every w € W, the i-th component of
h(w) equals g;(w), which is the i-th component of g(w). Hence h(w) = g(w) for all w, so h =g¢g. O

Corollary 4.16. There is a natural isomorphism

Homgp (W, 11 v) = | [ Homp (W, V3).

el el

Proof. The map sends g : W — [[, V; to (m; o g);. By the universal property of the product, every
family (g;); arises uniquely in this way. The map is linear componentwise. Hence it is a natural
isomorphism. O
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4.5 Pullbacks and Pushouts
Definition 4.17. Given linear maps f: X — Z and g : Y — Z, the pullback is
XxzY={(z,y) eXDY : f(z) = g(y)}.

Proposition 4.18 (Universal property of pullbacks). Let px : X xzY — X andpy : X xzY =Y
be the projections. If A is a vector space with maps ax : A — X and ay : A —'Y satisfying

foax =goay,
then there exists a unique linear map u: A — X Xz Y such that
bPx ou=ax, Py ou = ay.

Proof. Define u(a) = (ax(a),ay(a)). The compatibility condition gives

flax(a)) = g(ay(a)),

so u(a) € X xz Y. The map is linear because ax and ay are linear. It satisfies the desired
projection identities by definition.

If «’ is another such map, then for every a € A, the first component of «'(a) is ax(a) and the
second component is ay (a). Hence u/(a) = u(a) for all a, so v’ = u. O

Definition 4.19. Given linear maps f: Z — X and g: Z — Y, the pushout is
XIz;Y=(XaY)/N,

where

N = span{(f(2), —9(2)) : z € Z} .

Proposition 4.20 (Universal property of pushouts). Let jx : X — XUzY and jy : Y — X1z Y
be induced by the inclusions into X ® Y. If A is a vector space with maps ax : X — A and
ay : Y — A satisfying

then there exists a unique linear map u: X Iz Y — A such that
uojx =ax, U0 Jy = ay.
Proof. Define h: X ®Y — A by
h(z,y) = ax(z) + ay ().

For every z € Z,
h(f(z),—9(2)) = ax(f(2)) —ay(g9(z)) = 0.

Thus N C ker h. By the universal property of the quotient, h factors through a unique linear map
u: (X®Y)/N— A

such that u((z,y) + N) = h(x,y). Then uo jx = ax and uo jy = ay.
If u/ is another such map, then v’ and u agree on all elements jx (x) and jy (y). These elements
span the pushout because every coset of (z,y) equals jx(z) + jy (y). Therefore v’ = u. O
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4.6 Exact Sequences

Definition 4.21. A sequence of vector spaces and linear maps

dif dl'
= Vi S Vi S Vi —
is exact at V; if imd;_1 = ker d;. It is exact if it is exact at every term.

Proposition 4.22. A sequence

0—ULvLSw-—o
1s exact if and only if f is injective, g is surjective, and im f = Kker g.

Proof. Exactness at U says that ker f = im(0 — U) = 0, so f is injective. Exactness at V says
im f = ker g. Exactness at W says im g = ker(W — 0) = W, so g is surjective. Conversely, these
three conditions are exactly the exactness conditions at U, V, W. [

Proposition 4.23. A short exact sequence

0-—ULVEW-—0
splits if and only if there exists a linear map s : W — V such that g o s = idyw . In that case
V=UseW.

Proof. Suppose the sequence splits, meaning V = U @ W with f identified with inclusion into the
first factor and g with projection onto the second factor. Then the inclusion s : W — U & W into
the second factor satisfies g o s = idyy.

Conversely, suppose s : W — V satisfies g o s = idyy. Define

Q:UpW =V, O (u,w) = f(u) + s(w).
We show that @ is an isomorphism. If v € V', set w = g(v). Then
g —s(w)) = g(v) — g(s(w)) =w —w =0.
Thus v — s(w) € kerg = im f, so v — s(w) = f(u) for some u € U. Hence v = ®(u,w), proving
surjectivity.
If ®(u,w) = 0, then applying g gives
0 = g(f(w) + 5(w)) = 0+ w = w.

Thus w = 0, and then f(u) = 0. Since f is injective, u = 0. Hence ® is injective. Therefore ® is
an isomorphism. O



Chapter 5

Tensor Products, Exterior Powers,
and Determinants

5.1 Tensor Products

Definition 5.1. Let V, W, U be vector spaces. A map b: V x W — U is bilinear if it is linear in
each variable separately. The vector space of bilinear maps is denoted by Bil(V, W;U).

Theorem 5.2 (Construction of tensor products). For vector spaces V and W, there exists a vector
space V@ W and a bilinear map

T:VXW=VeW, (v,w) = v w,

such that for every vector space U, every bilinear map b: V- x W — U factors uniquely through a
linear map b: VW — U:
b=bor.

Proof. Let F(V x W) be the free vector space with basis symbols [v, w] for (v,w) € V' x W. Let
N be the subspace generated by all elements

[v+ v, w] — [v,w] — [V, w],
[CL'U,'IU] - a[v,w],
[v,w + w'] = [v,w] — [v,w'],
[U,CLUJ] - (Z[’U,’LU],
where v,v' € V, w,w’ € W, and a € F. Define

VoW =FV xW)/N

and let v ® w be the coset of [v,w]. The defining relations imply that (v, w) = v ® w is bilinear.
 Let b: V xW — U be bilinear. There is a unique linear map b : F(V x W) — U with
b([v,w]) = b(v,w). Since b is bilinear, b vanishes on all generators of N. Hence N C kerb. By the
universal property of quotient spaces, b factors uniquely through a linear map

b VW = U

with g(v ® w) = b(v,w). The uniqueness follows because the pure tensors v ® w span V@ W. [

23



CHAPTER 5. TENSOR PRODUCTS, EXTERIOR POWERS, AND DETERMINANTS 24

Corollary 5.3. For every vector space U, there is a natural isomorphism
Homp(V @ W,U) = Bil(V,W;U).

Proof. The map sends a linear map L : V ® W — U to the bilinear map (v, w) — L(v ® w). The
universal property of the tensor product says that every bilinear map arises uniquely in this way.
Linearity of the correspondence is immediate from pointwise addition and scalar multiplication.
Therefore it is a natural vector space isomorphism. O

5.2 Basic Isomorphisms
Proposition 5.4. There is a canonical isomorphism
Vew=zweV

gwen by v @w — w @ v.

Proof. The map V xW — W ®V defined by (v, w) — w ®v is bilinear. By the universal property
of V@ W, it induces a unique linear map

VW =WeV

with ®(v ® w) = w ® v. Similarly, the bilinear map W x V. — V ® W given by (w,v) — v @ w
induces a linear map

V:-weV VoW

with ¥(w®v) = v®@w. Then Wod and idygw agree on all pure tensors v ® w, which span V@ W.
Hence ¥ o & = id. Similarly ® o ¥ = id. Thus ¢ is an isomorphism. O

Proposition 5.5. There is a canonical isomorphism
UeV)eW=2U(VeWw)

given on pure tensors by
(URV)RWr— u® (v w).

Proof. For fixed W', linear maps (U®V)®@W — W’ correspond to bilinear maps (UQV)xW — W".
Such maps correspond to functions trilinear in v € U, v € V, and w € W, because a bilinear map
out of U®V is the same as a bilinear map out of U x V. Similarly, linear maps U ® (V@ W) — W’
also correspond to trilinear maps U x V x W — W',

Both tensor products therefore represent the same functor of trilinear maps. By uniqueness of
universal objects, they are canonically isomorphic. Explicitly, the trilinear map (u, v, w) = u® (v®
w) induces amap (URV)@W — U®(V®W), and the trilinear map (u, v, w) = (u®v)®@w induces
its inverse. The two composites agree with the identity on pure tensors, hence are identities. [

Proposition 5.6. There is a canonical isomorphism

VemeU=(Vel)o(WaeU).
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Proof. Define a bilinear map (V@& W) xU — (Vo U)® (W @ U) by
(v,w),u) = (v u, w u).
By the universal property of tensor products, it induces a linear map
O (VeW)eU = (VelU)e(WeU).
Conversely, the bilinear maps V x U — (V& W)@ U and W x U — (V& W) ® U given by
(v,u) = (v,0) ® u, (w,u) = (0,w) ®u

induce linear maps VU — (VW)U and WU — (V@& W)®U. By the universal property
of direct sums, these give a linear map

U (Vol)e(Wel)—= (VaWw)eU.

The composite ® o ¥ is the identity on pure tensors in each summand, and ¥ o @ is the identity on
pure tensors (v, w)®u. Since these elements span the relevant tensor products, the two composites
are identities. O

5.3 Bases of Tensor Products

Theorem 5.7. Let {v;}icr be a basis of V and {w;};cs a basis of W. Then
{Ui®wj :(i,5) €I x J}
s a basis of V@ W.

Proof. The pure tensors span V ® W. Since every v € V and w € W can be written as finite linear
combinations of the v; and wj;, bilinearity gives

VR wW = (Z aivi> ® ijU)j = Zaibj(vi ® wy).
i J 4,J

Thus the tensors v; ® w; span.
To prove linear independence, suppose

n
ch(vik ®wj,) =0
k=1

with distinct pairs (ig, ji). For each pair (7,7), let v} and w; be the coordinate functionals on V
and W associated to the bases. The map

bij: VxW =T, bij (v, w) = vj (vV)wj(w)

is bilinear. Hence it induces a linear map 5ij : V@ W — F satisfying

bij(vi’ [ w]/) = 6”/5]]/

Applying gikjk to the relation gives ¢y = 0. Thus all coefficients are zero. Therefore the tensors
form a basis. O

Corollary 5.8. If V and W are finite-dimensional, then
dim(V @ W) =dimV - dim W.

Proof. If dim V' = m and dim W = n, choose bases with m and n elements. By the theorem, V@ W
has a basis indexed by pairs of basis elements, hence has mn basis elements. O
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5.4 Tensor Products of Linear Maps

Proposition 5.9. Let S:V = V' and T : W — W' be linear. There is a unique linear map
SQT: VoW =V oW

satisfying
ST (vew)=Sw) ®@T(w).

Proof. The map V x W — V' @ W’ defined by
(v,w) = S(v) @T(w)

is bilinear because S, T', and the tensor map are linear in each variable. By the universal property
of V ® W, it induces a unique linear map S ® T satisfying the displayed formula. O

Proposition 5.10. Tensor products of linear maps are functorial: if Sy :V — V', So : V! — V",
T, W =W, and Ty : W — W, then

(S2081)®@ (TaoTy) = (S2®@T) o (S1®Th).
Moreover idy @ idw = idygw .
Proof. Both sides send a pure tensor v ® w to
S2(51(v)) @ Ta(Ty(w)).
Since pure tensors span V ® W, the two maps are equal. Similarly, idy ® idy sends v ® w to v @ w
for every pure tensor, hence equals the identity. O
5.5 Exterior Powers

Definition 5.11. A multilinear map a : V¥ — U is alternating if a(v1,...,v;) = 0 whenever
v; = vj for some ¢ # j. The vector space of alternating k-linear maps from V¥ to U is denoted by
ALtk (v, U).

Definition 5.12. The k-th exterior power AFV is the quotient of V®* by the subspace generated
by tensors
V1 ® - QU

for which v; = v; for some ¢ # j. The image of v1 ® - -- ® vy, is denoted by
v1 A\ A Vg

Theorem 5.13 (Universal property of exterior powers). For every vector space U, there is a natural
isomorphism
Homp(AFV,U) = AltR(V, U).

Proof. Let q : V®* — A*V be the quotient map. The map
vk 5 ARV, (V1. 0k) = V1 Ao Avg

is multilinear and alternating by construction.
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Given a linear map L : A*V — U, the composite
vE s aky Ly
is alternating and k-linear. This gives a map
Homp(AFV,U) — Alth(V,U).

Conversely, let a : V¥ — U be alternating and multilinear. By repeated use of the universal
property of tensor products, a induces a unique linear map

a:Vek U

with @(v1 ® -+ ® vg) = a(vy,...,v). Since a is alternating, @ vanishes on every generator of the
subspace used to define A*V. Therefore @ factors uniquely through a linear map

a: AV U
The two constructions are inverse to one another by their defining formulas on wedges. Hence the
claimed natural isomorphism holds. O
Proposition 5.14. For vectors vy,...,vx € V, if two adjacent vectors are interchanged, then

VI A ANUAVigp1 A ANV = =01 N~ AV Ao A -+ - A Vg,
Consequently, if charF # 2, exchanging any two arguments changes the sign.
Proof. In AFV, the wedge with two equal adjacent vectors is zero. Hence
O=v1 A A (v +vip1) A (Vi + Vig1) A A V.
Expanding by multilinearity gives four terms. The terms with v; A v; and v;11 A v;41 vanish. Thus
VIA - ANUAVigp1 A Avg+v1 A= Avip1 Aoy A=+ Ao = 0,

which is the desired identity. Any transposition can be written as a product of adjacent transposi-

tions, so the last statement follows. ]
Theorem 5.15. Let V' have basis vy,...,v,. Then the elements
Uh/\"'/\vika 1§i1<...<ik§n,

form a basis of A¥V . In particular,
dim APV = (7).
im ( k)

Proof. The tensors v;, ® - - - ®v;, span V@ hence their images span A*V. If two indices are equal,
the corresponding wedge is zero. If all indices are distinct, repeated adjacent swaps rewrite the
wedge as a sign times one with strictly increasing indices. Thus the displayed wedges span AFV.

To prove linear independence, let v},...,v; be the dual basis. For each increasing k-tuple
I = (i1 < --- < i), define an alternating k-linear form w; : V¥ — F by

wr(@1, ..., xp) = det(v; (2p))1<ab<k-
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This map is alternating because a determinant with two equal columns is zero. By the universal
property of A¥V, it induces a linear functional @; : A¥V — F.
For increasing J = (j1 < -+ < ji),

wr(vj, A+ Awj,) = det(v] (vj,))ab-

This determinant is 1 if I = J and 0 otherwise, because the matrix has two equal zero patterns or a
zero row when the sets differ. Therefore the functionals w; pick out the coefficients of the displayed
wedges. Any linear relation among those wedges has all coefficients zero. Hence they are linearly
independent. The dimension formula follows by counting increasing k-tuples. O

5.6 Determinants

Definition 5.16. Let V be an n-dimensional vector space and let T': V' — V be linear. Since A"V
is one-dimensional, the map A"T : A"V — A"V is multiplication by a unique scalar. This scalar is
called the determinant of 7" and is denoted by det T

Proposition 5.17. For linear endomorphisms S, T of a finite-dimensional vector space,
det(ST) = det(S) det(T).

Proof. Functoriality of exterior powers gives
A™(ST) = (A"S)(A"T).

Since A"V is one-dimensional, A™S is multiplication by det .S and A™T is multiplication by det T
Their composite is multiplication by (det S)(detT"). On the other hand, A™(ST) is multiplication
by det(ST'). Therefore det(ST) = det(S) det(T). O

Proposition 5.18. Let A = (a;j) be the matriz of T with respect to a basis vi,...,v,. Then
T(v) A+ ANT(vy) =det(A) vy A+ A vy,

where det(A) is the usual Leibniz determinant

det(A) = Z Sgn(a)aa(l),l *Qg(n)n
oESy

Proof. Write
n
T(Uj) = Zaijvi.
i=1
Using multilinearity of the wedge product,

T(wi)A---ANT(vp) = Z @iy 1 Qi Uiy N ANV,
D1 yeensln

Every term with repeated indices vanishes. The remaining terms are indexed by permutations
o € Sy, with i; = o(j). For such a term,

Vo) N+ AN Vg () = 8gn(0)v1 A -+ A U
Therefore

T(v) A ANT(vy) = < Z sgn(0)ag(1),1 - aa(n)m) v A Aoy,

o€Sy
This is the claimed formula. O
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Modules over Rings and PIDs

6.1 Modules and Submodules

Definition 6.1. Let R be a commutative ring with identity. An R-module is an abelian group
(M, +) equipped with a scalar multiplication R x M — M satisfying the same formal axioms as
scalar multiplication in a vector space.

Definition 6.2. A subset N C M is an R-submodule if it is a subgroup of M and rn € N for
every r € Rand n € N.

Proposition 6.3. If S C M, then
RS={ris1+--+rpsn:1 €R, s, €S}
is the smallest submodule of M containing S.

Proof. The proof is identical to the proof for spans of vector spaces. The set RS is closed under
addition and under multiplication by elements of R, hence is a submodule. It contains S because
s = 1s. Any submodule containing S is closed under finite R-linear combinations, hence contains
RS. Therefore RS is the smallest submodule containing 5. O

Definition 6.4. An R-module M is finitely generated if there exists a finite subset S C M such
that M = RS.

6.2 Free Modules and Presentations

Definition 6.5. An R-module F' is free with basis B if every element of F' can be written uniquely
as a finite R-linear combination of elements of B.

Proposition 6.6. Let B be a set. The direct sum

R® =(Pr

beB

is a free R-module with basis given by the standard elements ep.

Proof. An element of R(P) is a family (r,)pcp with finite support. It can be written as the finite

sum
E Tb€b,

beB

29
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where only finitely many 7, are nonzero. This proves spanning. If

> e =0,

beB

then every coordinate of the left-hand side is zero, so every r, = 0. Hence the expression is unique.
Therefore RP) is free with basis {ev}veB- O

Proposition 6.7. An R-module M is finitely generated if and only if there exists a surjective
homomorphism
R" > M

for somen > 0.

Proof. If R™ — M is surjective, the images of the standard basis vectors generate M. Conversely,
if M is generated by m,..., m,, define

p:R"— M, (Fiy..ooyrp) > rimy + -+ Ty,
This is a module homomorphism and is surjective by the assumption that the m; generate M. [

Definition 6.8. A presentation of an R-module M is an exact sequence

R™ — R" — M — 0.

6.3 Quotients and Isomorphism Theorems

Definition 6.9. If N C M is a submodule, the quotient module M /N is the quotient abelian
group with scalar multiplication
r(m+ N)=rm+ N.

Proposition 6.10. The scalar multiplication on M/N is well-defined and makes M/N an R-
module.

Proof. If m + N = m/ + N, then m — m/ € N. Since N is a submodule, r(m —m') € N,
so rm + N = rm/ + N. Thus scalar multiplication is well-defined. The module axioms follow
immediately from the corresponding axioms in M. O

Theorem 6.11 (First isomorphism theorem for modules). Let ¢ : M — N be an R-module
homomorphism. Then
M/ ker ¢ = im .

Proof. Define @ : M/ker ¢ — im ¢ by
P(m + ker o) = p(m).

The same proof as in the vector space case shows that the map is well-defined, R-linear, surjective,
and injective. Therefore it is an isomorphism. O
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6.4 Torsion and Annihilators

Definition 6.12. Let R be a domain and let M be an R-module. The torsion submodule of M is
Moy ={m € M : rm = 0 for some 0 # r € R}.

The module M is torsion-free if Mo, = 0 and torsion if M = M.

Proposition 6.13. If R is a domain, then Mo, is a submodule of M.

Proof. Let m,n € M. Then there exist nonzero r, s € R such that rm = 0 and sn = 0. Since R
is a domain, rs # 0, and
rs(m+n) = s(rm) +r(sn) = 0.

Thus m + n is torsion. If a € R, then r(am) = a(rm) = 0, so am is torsion. Hence M;o, is a
submodule. 0

Definition 6.14. For an R-module M and an element m € M, the annihilator of m is
Anng(m) ={r € R:rm =0}.

The annihilator of M is
Anmmp(M) ={re R:rM = 0}.

Proposition 6.15. For every m € M, the cyclic submodule Rm is isomorphic to R/ Anng(m).

Proof. Define ¢ : R — Rm by ¢(r) = rm. This map is an R-module homomorphism and is
surjective by definition of Rm. Its kernel is

kero ={r € R:rm =0} = Anng(m).
By the first isomorphism theorem,

R/ Anng(m) = Rm.

6.5 Noetherian Modules

Definition 6.16. An R-module M is noetherian if every ascending chain of submodules
N1 C Ny C N3 C -
stabilizes.

Proposition 6.17. An R-module M is noetherian if and only if every submodule of M is finitely
generated.

Proof. Suppose M is noetherian and let N C M be a submodule. If N is not finitely generated,
choose x1 € N. Since Rx; # N, choose z9 € N\ Rz;. Continuing inductively, if Rz1+ - - -+ Rz, #
N, choose x,1 outside this submodule. This gives a strictly increasing chain

Rxq gRl’l—FRZEQQRl’l—G—R{L‘Q—{—RJJgg-“,



CHAPTER 6. MODULES OVER RINGS AND PIDS 32

contradicting the noetherian condition. Hence N is finitely generated.
Conversely, suppose every submodule of M is finitely generated. Let

N1 C Ny C---

be an ascending chain and set N = (J; N;. Then N is a submodule. By assumption, NN is generated
by finitely many elements x1,...,z,. Each z; lies in some Ni;. Let Ny be one of the chain terms
containing all x;, say Ny, with m > ¢; for all j. Then N C N,,, and since N,,, € N, we have
N = N,,. Hence N; = N,, for all i > m, so the chain stabilizes. ]

Proposition 6.18. FEvery principal ideal domain is noetherian.

Proof. Let R be a PID. Every ideal of R is principal, hence finitely generated. Applying the
preceding proposition to R as a module over itself, R is noetherian. 0

Proposition 6.19. If R is noetherian, then every finitely generated R-module is noetherian.

Proof. First, R™ is noetherian. This follows by induction on n. The case n = 1 is the assumption
that R is noetherian as a module over itself. For the induction step, use the exact sequence

0= R S R" S R—0.

A standard argument shows that if A and C' are noetherian in a short exact sequence 0 — A —
B — C — 0, then B is noetherian: any ascending chain in B gives ascending chains in A by
intersection and in C' by image, both of which stabilize; after that the original chain stabilizes.
Now let M be finitely generated. There is a surjection R™ — M. A quotient of a noethe-
rian module is noetherian, because submodules of the quotient correspond to submodules of R"
containing the kernel, and ascending chains lift to ascending chains. Hence M is noetherian. [

6.6 Modules over a PID

Lemma 6.20. Let R be a PID and let N be a submodule of a finite free module R™. Then N 1is
free of rank at most n.

Proof. We prove this by induction on n. The case n = 0 is clear. Let 7 : R™ — R be projection
onto the first coordinate. Then 7(NN) is an ideal of R, so m(N) = (a) for some a € R. If a = 0,
then N C 0@ R"!, and the result follows by induction.

If a # 0, choose x € N with 7(z) = a. Let

K=Nn(OoR").
By induction, K is free of rank at most n — 1. We claim that
N =Rxre K.

For any y € N, 7(y) € (a), so w(y) = ra for some r € R. Theny —rz € K,soy € Re + K. If
re € K, then 0 = 7(rz) = ra. Since R is a domain and a # 0, » = 0. Hence Rz N K = 0. Thus
N =2 R& K is free of rank at most n. O

Proposition 6.21. Let R be a PID. Every finitely generated torsion-free R-module is free.
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Proof. Let M be finitely generated and torsion-free, generated by my,...,m,. There is a surjection
R™ — M. We show that M embeds into a finite-dimensional vector space over the fraction field
K = Frac(R).

Define

t: M — K®r M, m— 1Qm.

If 1 ®m = 0, then by the construction of localization there exists nonzero r € R such that rm = 0.
Since M is torsion-free, m = 0. Hence ¢ is injective. The K-vector space K ®r M is generated
by 1 ® my,...,1 ® my,, hence is finite-dimensional. Choose a K-basis among these generators, say
1®ui,...,1 ®us. Then the submodule Ruy + - - - + Ruyg is free. For each generator m;, there exist
coefficients \;; € K with

J

Choose a nonzero common denominator d € R for all A;;. Then dm; € Ruy + --- + Ruy for all 1.
Hence dM is a submodule of the free module Ruj + - - -+ Rus = R?, so dM is free by the preceding
lemma. Since M is torsion-free, multiplication by d gives an isomorphism M = dM. Therefore M
is free. O

Proposition 6.22. Let R be a PID and let M be a finitely generated R-module. Then
M= Mtor 57 Rr

for some r > 0.

Proof. The quotient M /Mo, is finitely generated and torsion-free. Indeed, if 0 # r € R and
r(m+ Mior) = 0, then rm € Mo, so there exists 0 # s € R with srm = 0. Since sr # 0, m € Moy,
hence m + Mo = 0.

By the preceding proposition, M /M, is free, say isomorphic to R". Choose elements m,...,m, €
M whose images form a basis of this quotient. The map R" — M sending the standard basis to
the m; gives a section of the quotient map M — M /M;.,. Hence the short exact sequence

0 — Myor — M — M /Moy — 0

splits, and M = M, & R". O]



Chapter 7

Associated Primes and Primary
Decomposition

The goal of this chapter is not to reproduce commutative algebra in full generality, but to isolate
the part of primary decomposition that will be used for linear operators. We first introduce primary
ideals and associated prime ideals in a general commutative ring, and then specialize to finitely
generated modules over a principal ideal domain.

7.1 Primary Ideals and Associated Primes

Definition 7.1. Let A be a commutative ring. An ideal ¢ C A is called primary if ¢ # A and
whenever xy € ¢, either € q or y" € ¢ for some n > 0.

Proposition 7.2. An ideal ¢ C A is primary if and only if every zero divisor in A/q is nilpotent.

Proof. Suppose ¢ is primary. Let 7 € A/q be a zero divisor. Then there exists T # 0 in A/q such
that Ty = 0. This means that xy € g and = ¢ ¢. Since ¢ is primary, y" € ¢ for some n > 0, so
7" =01in A/q. Hence 7 is nilpotent.

Conversely, suppose every zero divisor in A/q is nilpotent. If zy € ¢ and = ¢ ¢, then T # 0 and
Ty = 01in A/q. Therefore 7 is a zero divisor, hence nilpotent. Thus y™ € ¢ for some n > 0. This
proves that g is primary. O

Proposition 7.3. If q is a primary ideal, then rad(q) is a prime ideal.

Proof. Let zy € rad(q). Then (zy)" € q for some n > 0, so z"y" € q. If 2™ € g, then x € rad(q).
If 2™ ¢ ¢, then the primary property applied to z"y™ € ¢ gives (y™)™ € q for some m > 0. Hence
y € rad(q). Therefore rad(q) is prime. O

Definition 7.4. If ¢ is primary and rad(q) = p, then g is called p-primary.

Definition 7.5. Let M be an A-module. A prime ideal p C A is called an associated prime of M
if
p = Anny(z)

for some nonzero element = € M. The set of associated primes of M is denoted by Asss(M).

Proposition 7.6. Let I C A be an ideal. Then

Assa(A/I) = {p € Spec A :p = (I :z) for some x € A}.

34
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Proof. An element of A/I has the form T = x + I. Its annihilator is
Amy(Z)={acA:ax=0in A/I} ={ac A:ax 1} =(I:x).

If 7 # 0, then x ¢ I. Thus the associated primes of A/I are precisely the prime ideals that occur
as (I : x) for some x € A with x ¢ I. Allowing = € I only gives the ideal A, which is not prime in
the usual sense, so the displayed set is exactly Asss(A/I). O

Lemma 7.7. Let q be a p-primary ideal. If x ¢ q, then (q : x) is p-primary.

Proof. First (q : x) # A because z ¢ q. Suppose ab € (¢ : ) and a ¢ (¢ : ). Then abx € ¢ and
ax ¢ q. Since ¢ is primary, this implies " € ¢ for some n > 0. Hence b"x € ¢, so b € (q : z). Thus
(¢ : x) is primary.

It remains to compute its radical. If a € rad(q) = p, then a™ € ¢ for some n > 0, so a"x € ¢,
and hence a € rad(q : ). Thus p C rad(q : z). Conversely, if a € rad(q : z), then a"x € ¢ for some
n > 0. Since x ¢ g and ¢ is primary, we get (a™)™ € ¢ for some m > 0, hence a € rad(q) = p.
Therefore rad(q : z) = p. O

Theorem 7.8 (Associated primes from primary decomposition). Let A be noetherian, and let
I'=qgn---Ng

be a minimal primary decomposition, where each q; is p;-primary and the primes p; are distinct.
Then

ASSA(A/I) = {plv cee 7p7’}‘
Proof. First let p € Assa(A/I). Then p = (I : z) for some x € A. Since

T

(1) =g ),

=1

we have
T

H(qi:x)g(lzzn):p.

i=1
Because p is prime, one of the ideals (¢; : x) is contained in p. On the other hand, since (I : z) =
(g : x), we have (I : x) C (g; : «). Hence
pC(gi:x)Sp,

so (¢; : ©) = p. Since (g; : x) is a proper ideal, x ¢ ¢;. By the preceding lemma, (¢; : x) is
p;-primary. But it is also the prime ideal p, so its radical is p. Therefore p = p;.
Conversely, fix i. Since the decomposition is irredundant, there exists

y € ﬂqj with vy ¢ ¢;.
J#i
Then

Ty)=((Ng:v|="(a:v)
j=1
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because y € g¢; for every j # i, so (¢; : y) = A for j # i. By the preceding lemma, (g; : y) is
p;-primary.

Since A is noetherian and rad(g; : y) = p;, there exists n > 0 such that p} C (g; : y). Choose n
minimal with this property. Then p?~" ¢ (g; : y), so choose z € pI' ' with z ¢ (g; : y). We claim
that

((gi:y) : 2) = pic
Indeed, if a € p;, then az € p}' C (g; : y), so a € ((¢; : y) : z). Conversely, if a € ((¢; : y) : 2)
and a ¢ p;, then az € (¢; : y) while z ¢ (¢; : y). Since (¢; : y) is p;-primary, the condition
a ¢ p; = rad(q : y) forces a contradiction: if az € (¢; : y) and z ¢ (g; : y), primaryness implies
a™ € (q; : y) for some m, hence a € p;. Therefore a € p;. Thus the equality holds.

Finally,

(L:y2)=((I:y):2)=((gi:y):2) = pi
Hence p; € Assa(A/I). This proves the theorem. O

7.2 Primary Decomposition of Modules

Definition 7.9. Let M be an A-module and let N C M be a submodule. We say that N is
a p-primary submodule of M if Assq(M/N) = {p}. A primary decomposition of 0 in M is an
expression

0=NiN---NN,

where each V; is a primary submodule of M.

Proposition 7.10. Let 0 = Ny N --- N N, be a primary decomposition of 0 in an A-module M.
Then the natural map

,
M — P M/N;,  me— (m+N,...,m+N,)
i=1
18 1njective.
Proof. The kernel consists of all m € M such that m € N; for every ¢. Hence
T
ker = [ N; = 0.
i=1
Therefore the map is injective. O
Proposition 7.11. Let M be a finitely generated torsion module over a PID R. If
M=M& - &M,
then
-
Anngp(M) = ﬂ Anng(M;).
i=1

Proof. Let a € R. The element a annihilates M if and only if a(mq +---+m,) = 0 for all m; € M.
Since the sum is direct, this is equivalent to am; = 0 for every m; € M; and every i. Thus
a € Anng(M) if and only if @ € Anng(M;) for every ¢, which is exactly

a € ﬂAnnR(Mi).
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Remark 7.12. For the rest of the chapter, the module-theoretic primary decomposition we actually
use is the explicit one over a PID. The preceding definitions explain why the primes occurring in
the decomposition should be regarded as associated primes of the module, rather than as accidental
factors of a polynomial.

7.3 Specialization to Principal Ideal Domains

We now specialize the language of primary ideals and associated primes to a principal ideal domain.
The point is not to redo primary decomposition by elementary polynomial tricks, but to identify
the general notions from Sections 7.1 and 7.2 in the case where all ideals are principal.

Proposition 7.13. Let R be a PID. The nonzero prime ideals of R are exactly the ideals (p), where
p € R is irreducible.

Proof. If p is irreducible, then (p) is prime. Indeed, suppose p | ab. If p t a, then ged(p,a) = 1, so
there exist u,v € R such that
up + va = 1.

Multiplying by b gives
upb + vab = b.

Both terms on the left are divisible by p, hence p | b. Therefore (p) is prime.

Conversely, let p # 0 be a prime ideal. Since R is a PID, p = (a) for some nonzero nonunit a.
If a = bc with neither b nor ¢ a unit, then bc € (a) =p,sob e porcep. If be (a), then b = ad
for some d € R, hence a = bc = adc. Since R is a domain and a # 0, we get 1 = dc, so ¢ is a unit.
Similarly, if ¢ € (a), then b is a unit. This contradiction proves that a is irreducible. O

Proposition 7.14. Let R be a PID and let p € R be irreducible. The (p)-primary ideals of R are
precisely (p™) forn > 1.

Proof. First, (p™) is (p)-primary. Suppose ab € (p") and a ¢ (p™). Write the exponent of p in the
factorization of a as s < n. Since p™ | ab, the exponent of p in b is at least n — s > 0. Hence p | b,
so b" € (p™). Thus (p") is primary, and its radical is (p).

Conversely, let ¢ be a (p)-primary ideal. Since R is a PID, ¢ = (a) for some nonzero a. Factor

a:upil...pft

into irreducibles. Then
rad((a)) = (p1 -+ pt).

Since rad(q) = (p), every p; is associated to p. Therefore a is associated to p" for some n > 1, and

q=(p"). O
Lemma 7.15 (Coprime intersections). Let Iy, ..., I, be pairwise comazimal ideals in a commutative
ring A. Then

Ln--nl,=1---1,.

Moreover, the natural map

A/(Il . "Ir) — ﬁA/Iz
=1

18 an isomorphism.
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Proof. For two comaximal ideals I and J, it is clear that IJ C I'NJ. Conversely, choose v € I and
veJwithu+v=1 IfxeINJ, then

r =z(u+v) =zu+ V.

Here xu € JI because x € J and u € I, while xzv € IJ because x € I and v € J. Hence x € 1.J, so
InJ=1J.

The finite statement follows by induction, since the product I ---I,._1 is comaximal with I,
when each I; is comaximal with I,.

It remains to prove the product statement. The natural map

A— JJA/L

has kernel (), I; = [[;I;. To show surjectivity, fix i. Since I; is comaximal with [],,; I;, one
can choose an element whose image is 1 in A/I; and 0 in every A/I; for j # i. These elements
generate the standard coordinate vectors in the product. Hence the map is surjective, and the first
isomorphism theorem gives the desired isomorphism. O

Theorem 7.16 (Principal ideals have primary decompositions over a PID). Let R be a PID and
let 0 # a € R be a nonunit. Write

_ el e
a_upl ...pTT7

where u is a unit and the p; are pairwise nonassociated irreducibles. Then

(a) = (p{") NN (py7)

is a minimal primary decomposition of the ideal (a). Consequently, by the associated-prime theorem
from Section 7.1,

ASSR(R/(G)) = {(p1)7 ) (pr)}'

Proof. By the previous proposition, each (p;*) is (p;)-primary. Since the irreducibles p; are pairwise
nonassociated, the ideals (p;’) are pairwise comaximal. Hence the coprime-intersection lemma gives

@) N---n ) =@ pr) = (a).

The radicals of the components are the distinct prime ideals (p1), ..., (py).
The decomposition is irredundant. Indeed, if the i-th component is omitted, then the product

bi =[] vy

J#i

lies in every remaining component but does not lie in (p;), hence does not lie in (p;*). Thus the
intersection becomes strictly larger after omitting the i-th component.

Therefore this is a minimal primary decomposition. Applying the associated-prime theorem
from Section 7.1, namely the theorem that the radicals in a minimal primary decomposition are
exactly the associated primes of the quotient, gives

ASSR(R/(G)) = {(pl), RS (pr)}'
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Proposition 7.17. Let m € M be an element of an R-module. Then the cyclic submodule Rm is
isomorphic to

R/ Anng(m).

Proof. Define ¢ : R — Rm by ¢(r) = rm. This map is an R-module homomorphism and is
surjective by definition of Rm. Its kernel is

kero ={r € R:rm =0} = Anng(m).
By the first isomorphism theorem for modules,
R/ Anngr(m) = Rm.
O

Corollary 7.18. Let R be a PID and let 0 # a € R. Ifa =[], p;*, then the cyclic torsion module
R/(a) has associated primes

Assg(R/(a)) = {(pi) : pi | a}-

In particular, the associated primes of a cyclic torsion module are exactly the prime factors of its
annthilator.

Proof. This is precisely the conclusion of the preceding theorem applied to the principal ideal
(a). O

7.4 Primary Decomposition over a PID

This section is the main tool for the next chapter. We now use the primary-decomposition language
of Section 7.2 together with the associated-prime calculation of Section 7.3. The construction is
best viewed through the Chinese remainder decomposition of the quotient ring; no explicit Bezout
idempotents are needed in the statement.

Definition 7.19. Let M be a torsion module over a PID R, and let p € R be irreducible. The
p-primary component of M is

Mp>®]={m e M : p"m = 0 for some n > 0}.
Proposition 7.20. For a torsion module M over a PID, M[p™] is a submodule of M.
Proof. If m,n € M[p™], then p%m = 0 and p’n = 0 for some a,b > 0. Let ¢ = max(a,b). Then
p“(m+n)=p°m+p°n =0,
som+mn € M[p™]. If r € R, then
p“(rm) =r(p*m) =0,
so rm € M|[p>]. Hence M[p*>] is a submodule. O

Lemma 7.21 (Modules over a finite product). Let A = Ay X --- x A, be a finite product of rings.
If M is an A-module, then
M=eM&- ---de.M,

where e; = (0,...,1,...,0) € A is the i-th coordinate idempotent.
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Proof. The elements e; satisfy
el = e, eie; =0 (1 #j), er+--+e =1
For every m € M,
m=1lm=(e1+ -+e)m=exm+- - +em,

soM=etM+---+e.M. If
my+ - +m; =0, m; € e;M,

then applying e; gives mp = 0, because epymi = my and egm; = 0 for ¢ # k. Hence the sum is
direct. ]

Theorem 7.22 (Primary decomposition controlled by the annihilator). Let M be an R-module
over a PID R. Suppose
Anp(M) = (a),  a=wupy"---p7,

where u s a unit and the p; are pairwise nonassociated irreducibles. Then
M = M[p°] @ --- & M[p;*]
and
M[p°] = {m € M : p{’m = 0}.
Moreover, if N; = ,_; M[p$°], then
0=N;N---NN,
is a primary decomposition of 0 in the sense of Section 7.2, after omitting the zero primary com-
ponents.

Proof. Since aM = 0, the R-module structure on M factors through the quotient ring R/(a). By
the principal-ideal primary decomposition from Section 7.3 and the Chinese remainder part of the
coprime-intersection lemma,

T
R/(a) = [[ R/(p{").
i=1
Thus M is a module over this finite product. By the module decomposition for finite product rings,
M=eM&- - -Pe-M,

where e; is the i-th coordinate idempotent under the product-ring decomposition.
We claim that
eiM ={m e M : pi'm = 0}.

The inclusion e;M C {m : p;’m = 0} holds because p;’ = 0 in the i-th factor R/(p;’). Conversely,
suppose p;*m = 0 and write m = Zj e;m. For j # i, the element p{’ is a unit in R/(pjj), because
p; and p; are nonassociated irreducibles. Hence multiplication by p{’ is an automorphism of e; M.
Since

0=p'm= pr"ejm,
J

and the sum is direct, we get pi*e;m = 0 for every j. For j # i, invertibility of p5* on e; M gives
ejm = 0. Hence m = e;m € e; M. This proves the claim.
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The same argument gives e;,M = M[p;°]. Indeed, e;M is killed by pi’, so e;,M C M[p].
Conversely, if plN m = 0, then pﬁv is a unit on e; M for j # 7, and the direct product decomposition
forces all components e;m with j # ¢ to vanish. Hence m € e; M.

It remains to interpret this as a primary decomposition in the sense of Section 7.2. If e, M # 0,
then M/N; = e;M. The module e;M is killed by pfi, so any associated prime of e; M contains
(pi). Since the only nonzero prime ideal of a PID containing (p;) is (p;) itself, every associated
prime of e; M is (p;). Conversely, choose a nonzero element = € e; M with pl’z = 0 and n minimal.
Then y = p?flzv # 0 and p;y = 0. If ry = 0 and p; 1 r, then r is a unit modulo (p;), so y =0, a
contradiction. Thus Anng(y) = (pi), and (p;) € Assg(e;M). Hence

Asspr(M/N;) = Assg(e; M) = {(pi)}.

By the definition of primary submodule in Section 7.2, N; is (p;)-primary. Since the decomposition
of M is direct, the intersection of the submodules N; = €D, ,; e;M is zero. Therefore

0=N;N---NN,
is a primary decomposition of 0 in M, with the zero components omitted. O

Theorem 7.23 (Associated primes over a PID). Let M be a finitely generated torsion module over
a PID R. Then

Assp(M) = {(p) : M[p™] # 0}.

Proof. Because M is finitely generated and torsion, there exists a nonzero element a € R with
aM = 0. Thus Anng(M) = (d) for some nonzero d € R. Factor

d=up§'---pir.
By the preceding theorem,
M = Mp®| @ --- & M[p;°].
Write M; = M [p$°].

First suppose M; # 0. In the proof of the preceding theorem we showed, using the definition of
associated primes from Section 7.1, that

Assp(M;) = {(pi)}-

Hence (p;) € Assr(M), since an element of M; may also be regarded as an element of the direct
sum M.
Conversely, let p € Assg(M). Then p = Anng(m) for some nonzero m € M. Write

m=mi+---+my, m; € M;.
Using the same annihilator-intersection principle as in Section 7.2, we have

Anng(m) = ﬂ Annpg(m;).
m;#0

Since p is prime and the product of the ideals Anng(m;) is contained in their intersection, one of
the ideals Annpg(m;) is contained in p. On the other hand, p = Anng(m) is contained in every
Anng(m;). Hence Anng(m;) = p for some i. Therefore p € Assg(M;) = {(pi)}, and M; # 0.

Thus the associated primes of M are exactly the primes attached to the nonzero primary
components:

Assp(M) = {(p:) : M[p;°] # 0}.

This is the desired formula. O]
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Theorem 7.24 (Primary decomposition for finitely generated torsion modules over a PID). Let
M be a finitely generated torsion module over a PID R. Then

M= @ Mp™]

(p)€Assr(M)

Proof. Let Anng(M) = (d) and factor d into irreducible powers. The primary-decomposition
theorem controlled by the annihilator gives a direct sum decomposition into the corresponding
p-primary components. The theorem on associated primes over a PID identifies precisely which of
these components are nonzero: they are exactly the components indexed by primes in Assp(M).

Therefore
M= @ Mp™
(p)€Assr(M)

7.5 The Structure Theorem over a PID

In this final section we record the classification theorem over a PID. The primary decomposition
tool has already been separated from this classification result; its role here is to reduce the torsion
part to primary torsion modules. Smith normal form appears only as the matrix shadow of the
invariant factor form, rather than as the proof of it.

Lemma 7.25 (An extension lemma for primary modules). Let R be a PID, let p € R be irreducible,
and let M be a finitely generated R-module such that p°M = 0. If N C M is a submodule, then
every homomorphism

[+ N — R/(p°)
extends to a homomorphism

F: M — R/(p°).

Proof. Since M is finitely generated, it is enough to show that a homomorphism defined on a
submodule N can be extended to a submodule of the form N + Ry. Repeating the argument for
finitely many generators of M /N then gives an extension to all of M.

Let f: N — R/(p®) be given and fix y € M. Put

I={reR:rye N}

Since p°y = 0, we have p® € I. Hence [ is a nonzero ideal of the PID R, say I = (p®) with 0 < s < e.
The element p°y lies in N, so f(p®y) is defined. Moreover,

P f(p°y) = f(p°y) = 0.

In the module R/(p®), the elements killed by p®~® are exactly the multiples of p®: indeed, if
p*%a =0, then p° | p° *®a, so p® | a. Therefore there exists t € R/(p®) such that

Pt = f(p°y).

Define
F:N+ Ry — R/(p°), F(n+ay) = f(n) + at.
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We check that this is well-defined. Suppose
n—l—ay:n’—i—a’y.
Then (a —a')y=n'"—ne N,soa—d €1 = (p°). Write a — a’ = bp®. Then

f(a - a)y) = bf (py) = bpT = (a — a)E.

Since n —n’ = —(a — a’)y, we get

Thus
f(n)+at= f(n')+dt.

So F' is well-defined. It is plainly R-linear and extends f. This proves the one-step extension, and
hence the lemma. O]

Lemma 7.26 (Splitting off a maximal cyclic summand). Let M be a finitely generated module over
a PID R such that p°M = 0. Suppose there exists x € M with

Anng(z) = (p°).
Then the cyclic submodule Rx = R/(p®) is a direct summand of M.

Proof. The map
0: Rx — R/(p®), O(rz) =r+ (p°),

is well-defined because rz = 'z if and only if (r — ')z = 0, equivalently r — 7’ € (p¢). It is an
isomorphism.
By the preceding lemma, 6 extends to an R-module homomorphism
©: M — R/(p°).
Let
t:R/(p®) — Rx

be the inverse isomorphism to #. Then
P=100: M — Rz

is an R-module homomorphism and P restricts to the identity on Rz. Hence P is a projection onto
Rzx. For every m € M,
m = P(m) 4+ (m — P(m)),

where P(m) € Rz and m — P(m) € ker P. Also Rz Nker P = 0, because P is the identity on Rz.
Thus
M = Rx @ ker P.

O]

Theorem 7.27 (Cyclic decomposition of a primary torsion module). Let R be a PID, let p € R be
irreducible, and let M be a finitely generated module such that p°M = 0 for some e > 0. Then

M= P R/7)

for some positive integers e;.
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Proof. We use induction on the integer

(M) = Z dimp) () p M /pM.

i>0

This is finite because p°M = 0 and each quotient p’M/p'T' M is generated over the field R/(p) by
the images of a finite set of generators of M.

If M = 0, there is nothing to prove. Otherwise let eg be minimal such that p®®M = 0. Then
p®~ LM 0, so there exists € M with

px =0, po e £ 0.

It follows that Anng(z) = (p). Indeed, the annihilator of = contains (p®), and since R is a
PID and M is killed by a power of p, it must be of the form (p*) for some s < eq; the condition
p? Lz #£ 0 forces s = eg.

By the preceding lemma, Rz is a direct summand:

M =Rxo M

for some submodule M’. Since Rx # 0, we have £,(M") < £,(M). By the induction hypothesis,
M’ = PR/ (p%).
J

Also Rz = R/(p®°). Therefore
M = R/(p*) & @ R/(p7),
J

which proves the theorem. O

Theorem 7.28 (Structure theorem over a PID, elementary divisor form). Let R be a PID and let
M be a finitely generated R-module. Then

M =R o DD R/ ),
P

where p runs through irreducibles up to associates and only finitely many torsion summands occur.

Proof. By the splitting theorem from Chapter 6,
M = Mtor S RS

for some s > 0. Thus it remains to decompose the finitely generated torsion module M;q;.

If Mior = 0, there is nothing more to prove. Otherwise My, has a nonzero annihilator (a), since
it is finitely generated and torsion. By the primary decomposition theorem over a PID proved in
the preceding section,

Moy = @ Mtor[poo]-

(p)eAssg(Mior)

Each summand is finitely generated and killed by a power of the single irreducible p. By the cyclic
decomposition theorem for primary torsion modules,

Mo [p™) = €D R/ ().
J
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Combining these decompositions gives
M =R e PP R/ (),
P J

which is the claimed elementary divisor form. O

Corollary 7.29 (Invariant factor form). Let R be a PID and let M be a finitely generated R-module.
Then
M=R @R/(d)® - & R/(d),

where d; # 0, d; is not a unit, and
dy | dg |- |dy.

Remark 7.30 (Smith normal form). The usual Smith normal form of a matrix over a PID is the
presentation-matrix version of the invariant factor form above. If a homomorphism of finite free
modules is represented by a matrix A, then the invariant factors of coker A are the diagonal entries
in the Smith form. In these notes, the module structure theorem is the main result; the matrix
normal form is best regarded as a coordinate expression of it.

Proposition 7.31 (Uniqueness of elementary divisors). Let
M, = D R/ (")
J

be a finite p-primary torsion module over a PID. The multiset of exponents {e;} is determined by
M,
Proof. For k > 1, consider the quotient vector space over the field R/(p)

Qr = p" ' M, /p" M,
In a summand R/(p®), the quotient

PR/ (0°) | "R/ (p°)
is one-dimensional over R/(p) if e > k, and zero if e < k. Therefore

dimpy Qr = #{j : ¢; > k}.

The numbers on the left are invariants of M), so they determine the number of exponents at least
k for every k. Hence they determine exactly how many exponents equal k, namely

#{j:e; =k} =dimQy — dim Qpy1.
Thus the multiset {e;} is determined by M,,. O

Corollary 7.32. The elementary divisor form of a finitely generated module over a PID is unique
up to associates and reordering.

Proof. The free rank is determined by
dimFrac(R) (Frac(R) @R M)

The torsion submodule is the kernel of the natural map M — Frac(R) ®g M, so it is intrinsic. For
each irreducible p, the p-primary component M [p*] is intrinsic, and by the preceding proposition
the elementary divisors in each p-primary component are uniquely determined. Therefore the whole
elementary divisor decomposition is unique up to associates and reordering. O
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Corollary 7.33 (Classification of finite abelian groups). Fvery finite abelian group G is isomorphic
to a finite direct sum
PP z/wr)z.
p

The prime powers pri are uniquely determined up to reordering.

Proof. A finite abelian group is the same thing as a finite, hence finitely generated torsion, Z-
module. Since Z is a PID, the elementary divisor form applied to R = Z gives the displayed
decomposition. Uniqueness follows from uniqueness of elementary divisors over a PID. O



Chapter 8

Linear Operators as F|z]-Modules

The point of this chapter is that the structure theory of a linear operator is not a separate collection
of polynomial tricks. It is the structure theory of a finitely generated torsion module over the PID

8.1 The Associated Module

Definition 8.1. Let V' be a vector space over F and let T € Endp(V). Define an F[z]-module
structure on the underlying abelian group of V' by

This F[z]-module is denoted by V7.

Proposition 8.2. The formula above makes V into an F[z]-module. Moreover, the F[x]-submodules
of Vr are exactly the T-invariant subspaces of V.

Proof. Let f,g € F[z], a € F, and v,w € V. Polynomial addition and multiplication give
(f +9)(T)v = f(T)v + g(T)v,

(f9)(T)v = f(T)(g(T)v),
and 1(T)v = v. Also

fM)(w+w) = f(T)o+ f(Tw,  f(T)(av) = af(T)v,

because f(T) is an F-linear endomorphism of V. Hence the axioms of an F|z]-module are satisfied.
Let W C Vp be an F[z]-submodule. Since z-w = T'(w), every w € W satisfies T'(w) € W. Thus
W is T-invariant as a subspace of V.
Conversely, suppose W C V' is a T-invariant subspace. Then T(W) C W, and by induction
T (W) C W for every n > 0. Hence for every polynomial f(x) = ag + a1z + - - - + a,a™ and every
weWw,
f(T)w = apw + aT(w) + - -+ + a, T"(w) € W.

Thus W is stable under the F[x]-action, so it is an F[z]-submodule of V7. O

Proposition 8.3. If V is finite-dimensional over F, then Vr is a finitely generated torsion F|x]-
module.

47
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Proof. Let vi,...,v, be an F-basis of V. Since F C F|x], the same set generates Vr as an [F[z]-
module: every vector v = ). a;v; can be written as ) . a;(x) - v; with constant polynomials a;(x) =
a;.

It remains to show torsion. The vector space Endp(V') has finite dimension n
the n? + 1 endomorphisms

2 over F. Hence

I,T,72,....T"

are linearly dependent. Therefore there exists a nonzero polynomial f € F[x] such that f(T") = 0.
This means f -v = 0 for every v € Vp. Thus every element of Vr is killed by the same nonzero
polynomial f, and Vr is a torsion F[z]-module. O

8.2 Minimal Polynomial and Associated Primes

Definition 8.4. Assume V is finite-dimensional. The annihilator ideal of Vi is
Anng,(Vr) = {f € Fz] : f(T) =0}.

Since F[z] is a PID, this ideal is generated by a unique monic polynomial mp(x). This polynomial
is called the minimal polynomial of 7.

Proposition 8.5. The minimal polynomial my is the monic polynomial of least positive degree
such that mp(T) = 0. Moreover, if f(T') =0, then mp divides f.

Proof. By definition,
AHHF[I}(VT) = (mT)

Thus mp(T) = 0. If f(T) =0, then f € Anng,(Vr) = (mr), so f = mrg for some g € F[z]; hence
mp divides f.
If h is a nonzero polynomial satisfying h(7") = 0, then h € (m7), so h = mrg for some nonzero
g € Flx]. Hence
deg h = degmy + deg g > degmr.

Therefore no nonzero annihilating polynomial has degree smaller than my. Since mgp is chosen
monic, it is exactly the monic annihilating polynomial of least positive degree. O

Proposition 8.6. Similar matrices have the same minimal polynomial.
Proof. Suppose B = P~YAP. For every k > 0,
BF = (P71AP)t = p~1AFP,
which follows by induction on k. Therefore, for every polynomial f,
J(B) = PLf(A)P.

Thus f(B) =0 if and only if f(A) = 0. Hence the annihilator ideals of A and B in F[z] are equal.
Their monic generators are therefore equal, so the minimal polynomials are the same. O

Proposition 8.7 (Associated primes of a linear operator). Let V' be finite-dimensional and let
T € Endp(V). Suppose
my(z) = p1(x)™ - pr(z),

where the p; are distinct monic irreducible polynomials. Then

ASS]F[QC](VT) ={(p1),-.-,(pr)}-
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Proof. The module V7 is a finitely generated torsion module over the PID F[x], and
Anng (V) = (mr).

By the theorem on associated primes over a PID from Chapter 7,

Asspe)(Vr) = {(p) : Vr[p™] # 0}.

The theorem on primary decomposition controlled by the annihilator from Chapter 7 says that the
only nonzero primary components are those corresponding to the irreducible factors of the generator
of the annihilator. Since the irreducible factors of mp are exactly p1,...,p,, the associated primes
are precisely

(pl)a SR (pr)'

8.3 Primary Decomposition of a Linear Operator

Theorem 8.8 (Primary decomposition of an operator). Let V' be finite-dimensional and let T €
Endg(V). Suppose
my(x) = p1(x)™ - pr(z),

where the p; are distinct monic irreducible polynomials. Then
V=kerpi(T)" @ - ®kerp,(T).
Fach summand is T-invariant.

Proof. By the preceding section, Vp is a finitely generated torsion module over the PID F[z], and

ADHFM (VT) = (mT)

The theorem on primary decomposition controlled by the annihilator from Chapter 7 applies to
the factorization of my. It gives

Vr = Vr[pPl @ -+ @ Vr[p”]

and, more precisely,
Vrp¥] = {v e Vr : pi(z)® - v =0}.
Under the F[z]-module structure on Vr, the equality p;(x)¢ - v = 0 is exactly
pi(T)%v = 0.
Hence
Valp®] = ker pi(T)*.

Therefore
V=kerpi(T)* & --- & kerp,.(T)°.

Finally, each summand is an F[z|-submodule of Vr, hence it is T-invariant by the first proposi-
tion of this chapter. O
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Corollary 8.9 (Generalized eigenspace decomposition). Assume F is algebraically closed. If

my(x) = [J(@ =2,

A

then
V = P ker(T — A)™.
A

Proof. Over an algebraically closed field, every irreducible polynomial in F[z] is linear. Thus each
irreducible factor of mp has the form py(z) = x — A. Applying the preceding theorem gives

V = Pkerpr(T) = @ ker(T — AI)*.
A A

8.4 Cyclic Decomposition and Rational Canonical Form

Definition 8.10. For a monic polynomial

1

flz) =2"4+ap_12"" " + -+ a1 + aop,

the companion matrix of f is

0o 0 - 0 —ag

1 0 c 0 —ai
C(f) = O1 --- 0 —as

00 -+ 1 —ap_1

Proposition 8.11. Let M = Flz]/(f), where f is monic of degree n. With respect to the F-basis

the linear map given by multiplication by x has matriz C(f).

Proof. The quotient F[z]/(f) has F-basis 1,z,...,2" ! by the division algorithm. Multiplication
by x sends

1z, w2, .., 2" 2L

Thus the first n — 1 columns of the matrix have a single 1 immediately below the diagonal.
Since f = 0 in the quotient, we have

2" = —ap_ 12" — - — a1z — ap.
Therefore the image of "~ under multiplication by x has coordinate column

(—ag, —ay,..., —an_l)t.

This gives exactly the displayed companion matrix. O
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Theorem 8.12 (Rational canonical form). Let V' be finite-dimensional and let T' € Endp(V'). Then
there exist monic polynomials

Sl ol 11

such that, for a suitable basis of V', the matriz of T is block diagonal with companion blocks

C(fl)a ceey C(fr)

The polynomials f; are uniquely determined by T'.

Proof. View V as the F[z]-module V. We have proved that Vp is a finitely generated torsion
module over the PID Flz]. Applying the invariant factor form of the structure theorem from
Chapter 7 gives an isomorphism of F[x]-modules

Ve = Flal/(f1) @ --- @ Flz]/(fr),

where f1,..., fr are monic nonconstant polynomials satisfying

folfal-- 1 fr
For each summand F[z]/(f;), choose the F-basis

1,x,... pdeli~1,

The F[z]-module structure says that the operator 7' corresponds to multiplication by x. By the
preceding proposition, multiplication by = on this summand has matrix C(f;). Taking the union
of these bases over all summands gives a basis of V' in which the matrix of T" is block diagonal with
companion blocks C(f;).

The uniqueness of the polynomials f; is exactly the uniqueness of the invariant factor decom-
position in the structure theorem over a PID, applied to the module V. If T is represented in two
bases, the resulting F[z]-modules are the same module V7, so the invariant factors must agree. [

Proposition 8.13. If T has invariant factors fi | ---| fr, then

mrT = fr-

Proof. By the rational canonical form proof,
T
Vr = (P Fll/(fi).
i=1

The annihilator of the cyclic module F[z]|/(f;) is the ideal (f;). Hence the annihilator of the direct
sum is

(fl)m"'m(fr)'

In a PID this intersection is generated by the least common multiple of fi,..., f,. Since f1 | --- | fr,
this least common multiple is f,.. Therefore

AnnIF[x} (Vr) = (fr)-

By definition, the monic generator of Anng,(Vr) is mr, so mr = f;. O
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8.5 Jordan Normal Form

Definition 8.14. For A € F, the Jordan block of size n with eigenvalue A is

A1 0 0

0o X 1 0
Jn(A) =

0 0 A1

0 0 0 A

Proposition 8.15. The cyclic F[z]-module F[z]/((x — X)) corresponds to a single Jordan block
In(N).

Proof. Put y =x — X\. Then

Use the ordered basis
yn_17yn_27 "7y7 1'

Multiplication by x is multiplication by A + 3. Hence
2yt = Ayt = NP+t

where y™ = 0 in the quotient.

In the ordered basis above, the term Ay* gives the diagonal entry X, and the term y**! moves
one step to the previous basis vector, giving a 1 on the superdiagonal. For k = n — 1, the term y"
is zero. Therefore the matrix is precisely Jp,(A). O

Theorem 8.16 (Jordan normal form). AssumeF is algebraically closed. Let'V be finite-dimensional
and let T € Endgp(V'). Then there exists a basis of V' in which the matriz of T is block diagonal
with Jordan blocks. The multiset of Jordan blocks is uniquely determined by T'.

Proof. Since F is algebraically closed, every irreducible polynomial in F[x] is of the form = — .
Apply the elementary divisor form from Chapter 7 to the finitely generated torsion F|z]-module

Vr. We obtain
Ve = P Fla)/((z — N>,
A

Each summand is a cyclic primary module. By the preceding proposition, the operator induced by
multiplication by = on the summand F[z]/((x — A)®*7) is represented by the Jordan block Je, ;())
in a suitable basis. Taking the union of these bases gives a basis of V in which the matrix of T' is
block diagonal with Jordan blocks.

The elementary divisors ((z — A)*4) are unique by the uniqueness theorem for elementary
divisors in Chapter 7. Since a Jordan block J.(A) corresponds exactly to the elementary divisor
(z — A)¢, the multiset of Jordan blocks is uniquely determined by 7. O

8.6 Characteristic Polynomial and Cayley—Hamilton

Definition 8.17. If A is a square matrix over [F, its characteristic polynomial is
xa(t) = det(tI — A).

For an endomorphism 7" of a finite-dimensional vector space, define x7 () to be the characteristic
polynomial of any matrix of 7T'.
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Proposition 8.18. The characteristic polynomial of an endomorphism is independent of the chosen
basis.

Proof. If two matrices of T' are related by B = P~1 AP, then
tI —B=tI — P *AP = P"Y(tI — A)P.
Taking determinants gives
det(tI — B) = det(P~1) det(tI — A) det(P) = det(tI — A).
Thus the characteristic polynomial is basis-independent. O

Lemma 8.19. If f(t) is monic, then the companion matriz C(f) has characteristic polynomial
f(2).
Proof. Write

f) ="+ an_1t"' + -+ art + ag.

The companion matrix C(f) represents multiplication by = on F[z]/(f) in the basis 1,z,...,z" L.

Therefore f(C(f)) = 0, because f(z) = 0 in the quotient module. Hence the minimal polynomial
of C(f) divides f.
On the other hand, the vectors

e1,C(fer, C(f)%er,...,C(f)" e

are the standard basis vectors corresponding to 1,z,...,2" !, hence are linearly independent. If
a polynomial g of degree < n satisfied g(C(f)) = 0, then applying it to e; would give a nontrivial
linear relation among these n vectors unless ¢ = 0. Thus the minimal polynomial of C(f) has
degree n. Since it divides the monic polynomial f of degree n, it is equal to f.

Now the characteristic polynomial of the n x n matrix C'(f) is monic of degree n, and the
minimal polynomial divides the characteristic polynomial once Cayley—Hamilton is known. To
avoid circularity, we compute the determinant directly. We have

t 0 --- 0 ag
tI — C(f) = o -1 --- 0 as
0 0 e =1 t+an_1

Expanding along the first row gives
det(tI — C(f)) = tDp—1 + ao,
where D,,_1 is the determinant of the same form associated to
" g, "2 4.

The sign in the ag term is positive because the minor is lower triangular with diagonal entries all
—1, contributing (—1)"~!, and the cofactor sign contributes another (—1)"*!. These signs multiply
to 1.

By induction on n, Dy—1 = t""' + a,_1t""2 +--- + a;. Hence

det(tI — C(f)) = t(t" ' + ap_1t" 2 + -+ +a1) +ag = f(t).
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Proposition 8.20. If T has invariant factors fi,..., f., then

xr(t) = fi(t) - fr(t)

and

ma(t) = ().

Proof. By rational canonical form, T" has a block diagonal matrix with companion blocks C(f1),...,C(f:).
The characteristic polynomial of a block diagonal matrix is the product of the characteristic poly-
nomials of its diagonal blocks. By the preceding lemma, the characteristic polynomial of C(f;) is

fi- Therefore

xr(t) = fi(t) - fr(t).

The equality mr = f, was proved above from the annihilator of the invariant factor decomposition.
O

Corollary 8.21. For every finite-dimensional endomorphism T,

mr(t) | xr(t)-

Proof. By the preceding proposition, mr = f, and x7 = f1--- fr. Since f, is one of the factors in
the product, my divides xr. ]

Theorem 8.22 (Cayley-Hamilton theorem). For every finite-dimensional endomorphism T,

Proof. By the preceding corollary, the minimal polynomial m7 divides the characteristic polynomial
xr. Write
XT =mrg

for some g € F[x]. Since m7(T") = 0 by definition of the minimal polynomial,
xr(T) = mp(T)g(T) = 0.

Therefore T satisfies its characteristic polynomial. O
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