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Preface

These notes are written as a structural version of advanced linear algebra. The first part develops
vector spaces, quotients, duality, universal properties, tensor products, and exterior powers. The
second part introduces modules over principal ideal domains and uses this language to reinterpret
the structure theory of linear operators. The guiding idea is that many familiar constructions are
best understood not by coordinates, but by the mapping properties that characterize them.

Throughout the first five chapters, vector spaces are taken over a fixed field F. From Chapter
6 onward, R denotes a commutative ring with identity, and later a principal ideal domain when
explicitly stated.

3



Chapter 1

Vector Spaces and Bases

1.1 Vector Spaces and Linear Combinations

Definition 1.1. A vector space over a field F is an abelian group (V,+) together with a scalar
multiplication

F× V −→ V, (a, v) 7−→ av,

satisfying the usual distributive, associative, and unit axioms:

a(v + w) = av + aw, (a+ b)v = av + bv, a(bv) = (ab)v, 1v = v.

Definition 1.2. Let V be a vector space and let S ⊆ V . A vector v ∈ V is called a linear
combination of elements of S if there exist s1, . . . , sn ∈ S and a1, . . . , an ∈ F such that

v = a1s1 + · · ·+ ansn.

The set of all linear combinations of elements of S is denoted by span(S).

Proposition 1.3. For every subset S ⊆ V , the set span(S) is a subspace of V and is the smallest
subspace of V containing S.

Proof. First 0 ∈ span(S), since 0 is the empty linear combination, or equivalently 0 = 0s if S is
nonempty. If u, v ∈ span(S), then there exist finite expressions

u =

m∑
i=1

aisi, v =

n∑
j=1

bjtj ,

where si, tj ∈ S. Then

u+ v =
m∑
i=1

aisi +
n∑

j=1

bjtj

is again a finite linear combination of elements of S. If c ∈ F, then

cu =

m∑
i=1

(cai)si,

so cu ∈ span(S). Thus span(S) is a subspace.
It clearly contains S, since every s ∈ S equals 1s. If W ⊆ V is any subspace containing S, then

W is closed under finite linear combinations. Hence every element of span(S) lies in W . Therefore
span(S) ⊆ W , proving that span(S) is the smallest subspace containing S.

4



CHAPTER 1. VECTOR SPACES AND BASES 5

Definition 1.4. A subset S ⊆ V is called spanning if span(S) = V . It is called linearly independent
if for every finite subset {s1, . . . , sn} ⊆ S, the equality

a1s1 + · · ·+ ansn = 0

implies a1 = · · · = an = 0.

Proposition 1.5. Let S ⊆ V be linearly independent and let v ∈ V . Then S ∪ {v} is linearly
independent if and only if v /∈ span(S).

Proof. Suppose first that v ∈ span(S). Then there exist s1, . . . , sn ∈ S and a1, . . . , an ∈ F such
that

v = a1s1 + · · ·+ ansn.

Thus
v − a1s1 − · · · − ansn = 0

is a nontrivial linear relation among elements of S∪{v}, since the coefficient of v is 1. Hence S∪{v}
is linearly dependent.

Conversely, suppose S ∪ {v} is linearly dependent. Then there is a nontrivial relation

cv + a1s1 + · · ·+ ansn = 0

with si ∈ S. If c = 0, then the relation would be a nontrivial relation among elements of S,
contradicting the linear independence of S. Hence c ̸= 0, and

v = −c−1(a1s1 + · · ·+ ansn) ∈ span(S).

This proves the equivalence.

1.2 Bases and Dimension

Definition 1.6. A subset B ⊆ V is called a basis of V if B is linearly independent and spans V .

Proposition 1.7. Let B ⊆ V . Then B is a basis of V if and only if every vector v ∈ V can be
written uniquely in the form

v = a1b1 + · · ·+ anbn

with ai ∈ F and bi ∈ B distinct.

Proof. Suppose B is a basis. Since B spans V , every v ∈ V admits at least one expression as a
finite linear combination of elements of B. Suppose

v =
m∑
i=1

aibi =
n∑

j=1

cjdj .

After collecting all basis elements appearing in either expression, this gives a relation∑
e∈E

λee = 0

where E is a finite subset of B. Since B is linearly independent, all λe are zero. Hence the two
expressions have the same coefficients for every basis element. Thus the expression is unique.
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Conversely, if every vector has a unique expression as a finite linear combination of elements of
B, then B spans V . If

a1b1 + · · ·+ anbn = 0,

then this is an expression of 0. But 0 also has the empty expression, in which all coefficients are
zero. By uniqueness, a1 = · · · = an = 0. Hence B is linearly independent. Therefore B is a
basis.

Lemma 1.8 (Zorn’s lemma argument). Let S ⊆ V be linearly independent. Then there exists a
basis B of V such that S ⊆ B.

Proof. Let P be the set of all linearly independent subsets of V containing S, ordered by inclusion.
This set is nonempty because it contains S. Let {Sα}α∈A be a chain in P. Put

S∞ =
⋃
α∈A

Sα.

We claim that S∞ is linearly independent. Indeed, any finite subset of S∞ is contained in one of
the Sα, because the family is totally ordered by inclusion. Since that Sα is linearly independent,
the finite subset is linearly independent. Thus S∞ ∈ P and is an upper bound for the chain.

By Zorn’s lemma, P has a maximal element B. We show that B spans V . If not, choose
v ∈ V \ span(B). By Proposition 1.3, B∪{v} is linearly independent, contradicting the maximality
of B. Hence span(B) = V , so B is a basis containing S.

Theorem 1.9. Every vector space has a basis.

Proof. The empty set is linearly independent. Applying the preceding lemma to S = ∅ gives a
basis of V .

Lemma 1.10 (Replacement lemma). Let V be a vector space generated by n vectors. Then any
linearly independent subset of V has at most n elements.

Proof. Let V = span(v1, . . . , vn) and let w1, . . . , wm be linearly independent. We prove by induction
on r that, after replacing r of the vi by w1, . . . , wr, we still have a spanning set of V . For r = 0
this is clear.

Assume 0 ≤ r < m and that
{w1, . . . , wr, v

′
r+1, . . . , v

′
n}

spans V . Since wr+1 lies in its span, we may write

wr+1 = a1w1 + · · ·+ arwr + br+1v
′
r+1 + · · ·+ bnv

′
n.

At least one coefficient bj is nonzero; otherwise wr+1 would lie in span(w1, . . . , wr), contradicting
the linear independence of the wi. After reindexing the remaining v′ terms, suppose br+1 ̸= 0. Then
v′r+1 can be solved as a linear combination of w1, . . . , wr+1, v

′
r+2, . . . , v

′
n. Hence replacing v′r+1 by

wr+1 preserves the span.
Ifm > n, after n replacements we obtain that w1, . . . , wn span V . Then wn+1 ∈ span(w1, . . . , wn),

contradicting linear independence. Therefore m ≤ n.

Theorem 1.11. Any two finite bases of a vector space have the same cardinality.

Proof. Let B and C be finite bases. Since B spans V and C is linearly independent, the replacement
lemma gives |C| ≤ |B|. Since C spans V and B is linearly independent, the same lemma gives
|B| ≤ |C|. Hence |B| = |C|.

Definition 1.12. If V has a finite basis, the common cardinality of all finite bases is called the
dimension of V and is denoted by dimV . If V has no finite basis, we say V is infinite-dimensional.
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1.3 Subspaces and Direct Sums

Definition 1.13. Let {Wi}i∈I be a family of subspaces of V . The sum of the family is∑
i∈I

Wi =
{
wi1 + · · ·+ win : n ≥ 0, wij ∈ Wij

}
.

The sum is called direct if every vector in
∑

iWi has a unique expression as a finite sum of elements
from the Wi. In that case we write ⊕

i∈I
Wi.

Proposition 1.14. For subspaces W1, . . . ,Wn ⊆ V , the sum W1 + · · ·+Wn is direct if and only if
whenever

w1 + · · ·+ wn = 0, wi ∈ Wi,

one has w1 = · · · = wn = 0.

Proof. Suppose the sum is direct. Since 0 has the expression 0 + · · · + 0, uniqueness implies that
any expression w1 + · · ·+ wn = 0 has all wi = 0.

Conversely, suppose the stated condition holds. If a vector v has two expressions

v = w1 + · · ·+ wn = w′
1 + · · ·+ w′

n,

then
(w1 − w′

1) + · · ·+ (wn − w′
n) = 0.

Since wi − w′
i ∈ Wi, the condition gives wi − w′

i = 0 for all i. Hence wi = w′
i for all i, so the

expression is unique. Thus the sum is direct.

Corollary 1.15. For two subspaces U,W ⊆ V , the sum U+W is direct if and only if U∩W = {0}.

Proof. If U +W is direct and x ∈ U ∩W , then x + (−x) = 0 with x ∈ U and −x ∈ W . By the
preceding proposition, x = 0. Hence U ∩W = {0}.

Conversely, suppose U ∩W = {0}. If u+ w = 0, then u = −w ∈ U ∩W , so u = 0 and w = 0.
By the preceding proposition, U +W is direct.

Proposition 1.16. Let W1, . . . ,Wn ⊆ V be finite-dimensional subspaces. If Bi is a basis of Wi for
each i, then W1 + · · ·+Wn is direct if and only if B1 ∪ · · · ∪Bn is a basis of W1 + · · ·+Wn.

Proof. The union B1 ∪ · · · ∪ Bn always spans W1 + · · · + Wn. Thus it remains to discuss linear
independence.

Suppose the sum is direct. If
n∑

i=1

∑
b∈Bi

ai,bb = 0,

then for each i, the vector wi =
∑

b∈Bi
ai,bb lies in Wi, and w1 + · · · + wn = 0. Directness gives

wi = 0 for every i. Since Bi is a basis, all coefficients ai,b are zero. Hence the union is linearly
independent.

Conversely, suppose the union is a basis. If w1 + · · · + wn = 0 with wi ∈ Wi, express each wi

in the basis Bi. This gives a linear relation among vectors in B1 ∪ · · · ∪ Bn. Since this union is
linearly independent, all coefficients are zero, so every wi = 0. Hence the sum is direct.
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Corollary 1.17. If V = W1 ⊕ · · · ⊕Wn and each Wi is finite-dimensional, then

dimV =
n∑

i=1

dimWi.

Proof. Choose a basis Bi of each Wi. By the preceding proposition, B1 ∪ · · · ∪ Bn is a basis of V .
Therefore

dimV = |B1 ∪ · · · ∪Bn| =
n∑

i=1

|Bi| =
n∑

i=1

dimWi.

1.4 External Direct Sums and Products

Definition 1.18. Let {Vi}i∈I be a family of vector spaces. The external direct product is∏
i∈I

Vi = {(vi)i∈I : vi ∈ Vi} .

The external direct sum is

⊕
i∈I

Vi =

{
(vi)i∈I ∈

∏
i∈I

Vi : vi = 0 for all but finitely many i

}
.

Proposition 1.19. Both
∏

i Vi and
⊕

i Vi are vector spaces under componentwise addition and
scalar multiplication. If I is finite, then ⊕

i∈I
Vi =

∏
i∈I

Vi.

Proof. Componentwise addition and scalar multiplication satisfy the vector space axioms because
each Vi does. Thus

∏
i Vi is a vector space. The direct sum is closed under addition because the

union of two finite supports is finite, and it is closed under scalar multiplication because scalar
multiplication does not enlarge support. Hence it is a subspace of the product.

If I is finite, every element of the product has finite support automatically. Thus the product
and direct sum are equal.



Chapter 2

Quotients, Linear Maps, and
Isomorphism Theorems

2.1 Quotient Spaces

Definition 2.1. Let W ⊆ V be a subspace. Define an equivalence relation on V by

v ∼ v′ ⇐⇒ v − v′ ∈ W.

The equivalence class of v is denoted by v +W and is called a coset of W .

Proposition 2.2. The relation ∼ is an equivalence relation.

Proof. For every v ∈ V , v − v = 0 ∈ W , so v ∼ v. If v ∼ v′, then v − v′ ∈ W , hence v′ − v =
−(v − v′) ∈ W , so v′ ∼ v. If v ∼ v′ and v′ ∼ v′′, then v − v′ ∈ W and v′ − v′′ ∈ W , so

v − v′′ = (v − v′) + (v′ − v′′) ∈ W.

Thus v ∼ v′′. Hence ∼ is reflexive, symmetric, and transitive.

Definition 2.3. The quotient set V/W is the set of cosets v + W . Define addition and scalar
multiplication by

(v +W ) + (v′ +W ) = (v + v′) +W,

a(v +W ) = av +W.

Proposition 2.4. The operations above are well-defined, and V/W is a vector space.

Proof. Suppose v +W = ṽ +W and v′ +W = ṽ′ +W . Then v − ṽ ∈ W and v′ − ṽ′ ∈ W . Hence

(v + v′)− (ṽ + ṽ′) = (v − ṽ) + (v′ − ṽ′) ∈ W,

so (v + v′) +W = (ṽ + ṽ′) +W . Thus addition is well-defined. Similarly, for a ∈ F,

av − aṽ = a(v − ṽ) ∈ W,

so scalar multiplication is well-defined.
The vector space axioms follow from the corresponding axioms in V . For example, associativity

of addition follows because

((u+W ) + (v +W )) + (w +W ) = ((u+ v) + w) +W = (u+ (v + w)) +W.

The zero vector is 0 +W = W , and the additive inverse of v +W is (−v) +W . Therefore V/W is
a vector space.

9
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2.2 Linear Transformations

Definition 2.5. Let V,W be vector spaces. A map T : V → W is called linear if

T (av + bv′) = aT (v) + bT (v′)

for all a, b ∈ F and all v, v′ ∈ V . The vector space of all linear maps from V to W is denoted by
HomF(V,W ) or L(V,W ).

Proposition 2.6. The set L(V,W ) is a vector space under pointwise addition and scalar multipli-
cation.

Proof. For S, T ∈ L(V,W ) and a ∈ F, define

(S + T )(v) = S(v) + T (v), (aT )(v) = aT (v).

If v, v′ ∈ V and c, d ∈ F, then

(S + T )(cv + dv′) = S(cv + dv′) + T (cv + dv′)

= cS(v) + dS(v′) + cT (v) + dT (v′) = c(S + T )(v) + d(S + T )(v′).

Thus S + T is linear. Similarly,

(aT )(cv + dv′) = aT (cv + dv′) = acT (v) + adT (v′) = c(aT )(v) + d(aT )(v′),

so aT is linear. The vector space axioms are inherited pointwise from W .

Definition 2.7. For a linear map T : V → W , define

kerT = {v ∈ V : T (v) = 0} , imT = {T (v) : v ∈ V } .

Proposition 2.8. Let T : V → W be linear. Then kerT is a subspace of V and imT is a subspace
of W .

Proof. If v, v′ ∈ kerT and a, b ∈ F, then

T (av + bv′) = aT (v) + bT (v′) = 0,

so av + bv′ ∈ kerT . Thus kerT is a subspace.
If w,w′ ∈ imT , then w = T (v) and w′ = T (v′) for some v, v′ ∈ V . For a, b ∈ F,

aw + bw′ = aT (v) + bT (v′) = T (av + bv′) ∈ imT.

Thus imT is a subspace.

Proposition 2.9. A linear map T : V → W is injective if and only if kerT = {0}.

Proof. Suppose T is injective. If v ∈ kerT , then T (v) = 0 = T (0), so v = 0. Thus kerT = {0}.
Conversely, suppose kerT = {0}. If T (v) = T (v′), then T (v − v′) = 0, so v − v′ ∈ kerT = {0}.

Hence v = v′, and T is injective.
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2.3 The First Isomorphism Theorem

Theorem 2.10 (First isomorphism theorem). Let T : V → W be linear. Then there is a canonical
isomorphism

V/ kerT ∼= imT

given by
v + kerT 7−→ T (v).

Proof. Define T : V/ kerT → imT by T (v+kerT ) = T (v). We first check that this is well-defined.
If v + kerT = v′ + kerT , then v − v′ ∈ kerT , so T (v − v′) = 0, hence T (v) = T (v′).

The map is linear because

T (a(v + kerT ) + b(v′ + kerT )) = T ((av + bv′) + kerT )

= T (av + bv′) = aT (v) + bT (v′) = aT (v + kerT ) + bT (v′ + kerT ).

It is surjective by definition of imT . If T (v + kerT ) = 0, then T (v) = 0, so v ∈ kerT , and hence
v + kerT = 0 + kerT . Thus T is injective. Therefore T is an isomorphism.

2.4 Rank-Nullity

Definition 2.11. If T : V → W is linear and V is finite-dimensional, define

rankT = dim imT, nullity T = dimkerT.

Theorem 2.12 (Rank-nullity theorem). Let T : V → W be a linear map and assume V is finite-
dimensional. Then

dimV = dimkerT + dim imT.

Proof. Choose a basis u1, . . . , ur of kerT . Extend it to a basis

u1, . . . , ur, v1, . . . , vs

of V . We claim that T (v1), . . . , T (vs) is a basis of imT .
First, it spans imT . If w ∈ imT , then w = T (v) for some v ∈ V . Write

v =
r∑

i=1

aiui +
s∑

j=1

bjvj .

Applying T gives

w = T (v) =
s∑

j=1

bjT (vj),

because T (ui) = 0. Thus the T (vj) span imT .
They are linearly independent. If

s∑
j=1

bjT (vj) = 0,
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then T (
∑

j bjvj) = 0, so
∑

j bjvj ∈ kerT . Hence

s∑
j=1

bjvj =

r∑
i=1

aiui

for some coefficients ai. Since u1, . . . , ur, v1, . . . , vs is a basis, all bj = 0. Thus T (v1), . . . , T (vs) is a
basis of imT .

Therefore dimkerT = r and dim imT = s, while dimV = r + s.

2.5 Matrices and Change of Basis

Definition 2.13. Let V,W be finite-dimensional vector spaces with ordered bases

A = (v1, . . . , vn), B = (w1, . . . , wm).

For T : V → W linear, the matrix of T with respect to A and B is the m×n matrix [T ]B,A = (aij)
determined by

T (vj) =
m∑
i=1

aijwi.

Proposition 2.14. Let S : U → V and T : V → W be linear maps between finite-dimensional
vector spaces with ordered bases A for U , B for V , and C for W . Then

[T ◦ S]C,A = [T ]C,B[S]B,A.

Proof. Write A = (u1, . . . , ur), B = (v1, . . . , vn), and C = (w1, . . . , wm). Suppose

S(uj) =

n∑
k=1

bkjvk, T (vk) =

m∑
i=1

aikwi.

Then

T (S(uj)) = T

(
n∑

k=1

bkjvk

)
=

n∑
k=1

bkjT (vk) =
n∑

k=1

bkj

m∑
i=1

aikwi.

Thus the coefficient of wi in T (S(uj)) is

n∑
k=1

aikbkj ,

which is precisely the (i, j)-entry of the product [T ]C,B[S]B,A.

Proposition 2.15. Let T : V → V be linear and let A,B be two ordered bases of V . Let P =
[idV ]A,B be the change-of-basis matrix from B-coordinates to A-coordinates. Then

[T ]B,B = P−1[T ]A,AP.

Proof. By the composition rule,

[T ]A,B = [T ]A,A[idV ]A,B = [T ]A,AP.

Also
[T ]A,B = [idV ]A,B[T ]B,B = P [T ]B,B.

Therefore P [T ]B,B = [T ]A,AP . Since P is invertible, multiplying by P−1 on the left gives

[T ]B,B = P−1[T ]A,AP.



Chapter 3

Dual Spaces and Annihilators

3.1 Dual Spaces

Definition 3.1. The dual space of a vector space V is

V ∗ = HomF(V,F).

Elements of V ∗ are called linear functionals.

Definition 3.2. Let V be finite-dimensional with ordered basis B = (v1, . . . , vn). The dual basis
B∗ = (v∗1, . . . , v

∗
n) of V

∗ is defined by
v∗i (vj) = δij .

Proposition 3.3. If B = (v1, . . . , vn) is a basis of V , then B∗ = (v∗1, . . . , v
∗
n) is a basis of V ∗.

Proof. First, the functionals v∗i are linearly independent. If

a1v
∗
1 + · · ·+ anv

∗
n = 0,

then evaluating at vj gives

aj =
n∑

i=1

aiv
∗
i (vj) = 0.

Thus all aj = 0.
Now let f ∈ V ∗. We claim

f =

n∑
i=1

f(vi)v
∗
i .

Indeed, the two sides agree on each basis vector vj :(
n∑

i=1

f(vi)v
∗
i

)
(vj) =

n∑
i=1

f(vi)δij = f(vj).

Since two linear maps that agree on a basis are equal, the claim follows. Therefore B∗ is a basis of
V ∗.

Corollary 3.4. If V is finite-dimensional, then

dimV ∗ = dimV.

13
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Proof. A basis of V with n elements gives a dual basis of V ∗ with n elements. Hence dimV ∗ =
n = dimV .

Definition 3.5. The canonical map from V to its double dual is

ηV : V −→ V ∗∗, ηV (v)(f) = f(v)

for v ∈ V and f ∈ V ∗.

Proposition 3.6. The map ηV : V → V ∗∗ is linear and injective. If V is finite-dimensional, then
it is an isomorphism.

Proof. For a, b ∈ F and v, w ∈ V ,

ηV (av + bw)(f) = f(av + bw) = af(v) + bf(w) = aηV (v)(f) + bηV (w)(f).

Thus ηV is linear.
If v ̸= 0, extend {v} to a basis v, v2, . . . , vn of the subspace it generates inside a basis of V ; in

the infinite-dimensional case, use Zorn’s lemma to extend {v} to a basis of V . Define f on that
basis by f(v) = 1 and f(b) = 0 for all other basis vectors. Then f ∈ V ∗ and ηV (v)(f) = 1. Hence
ηV (v) ̸= 0, so ηV is injective.

If V is finite-dimensional, then dimV = dimV ∗ = dimV ∗∗. An injective linear map between
finite-dimensional spaces of the same dimension is an isomorphism.

3.2 Dual Maps

Definition 3.7. Let T : V → W be linear. The dual map, or adjoint map, is

T ∗ : W ∗ −→ V ∗, T ∗(f) = f ◦ T.

Proposition 3.8. The map T ∗ is linear. Moreover, if S : U → V and T : V → W , then

(T ◦ S)∗ = S∗ ◦ T ∗.

Also id∗V = idV ∗.

Proof. For f, g ∈ W ∗ and a, b ∈ F,

T ∗(af + bg) = (af + bg) ◦ T = a(f ◦ T ) + b(g ◦ T ) = aT ∗(f) + bT ∗(g).

Thus T ∗ is linear.
For h ∈ W ∗,

(T ◦ S)∗(h) = h ◦ T ◦ S = S∗(h ◦ T ) = S∗(T ∗(h)).

Thus (T ◦ S)∗ = S∗ ◦ T ∗. Finally,
id∗V (f) = f ◦ idV = f,

so id∗V = idV ∗ .
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3.3 Annihilators

Definition 3.9. Let S ⊆ V . The annihilator of S is

S0 = {f ∈ V ∗ : f(s) = 0 for all s ∈ S} .

If W ⊆ V is a subspace, W 0 is also called the annihilator of W .

Proposition 3.10. For every subset S ⊆ V , the annihilator S0 is a subspace of V ∗.

Proof. Let f, g ∈ S0 and a, b ∈ F. For every s ∈ S,

(af + bg)(s) = af(s) + bg(s) = 0.

Thus af + bg ∈ S0, so S0 is a subspace.

Proposition 3.11. Let V be finite-dimensional and let W ⊆ V be a subspace. Then

dimW + dimW 0 = dimV.

Proof. Choose a basis w1, . . . , wr of W and extend it to a basis

w1, . . . , wr, vr+1, . . . , vn

of V . Let
w∗
1, . . . , w

∗
r , v

∗
r+1, . . . , v

∗
n

be the dual basis. We claim that v∗r+1, . . . , v
∗
n form a basis of W 0.

Each v∗j with j > r vanishes on w1, . . . , wr, hence lies in W 0. If

f =
r∑

i=1

aiw
∗
i +

n∑
j=r+1

bjv
∗
j ∈ W 0,

then evaluating at wi gives ai = f(wi) = 0 for 1 ≤ i ≤ r. Hence f lies in the span of v∗r+1, . . . , v
∗
n.

These functionals are linearly independent because they are part of a basis of V ∗. Thus they form
a basis of W 0. Therefore

dimW 0 = n− r = dimV − dimW.

3.4 Duality and Quotients

Theorem 3.12. Let W ⊆ V be a subspace. There is a canonical isomorphism

(V/W )∗ ∼= W 0.

Proof. Let π : V → V/W be the quotient map. Define

Φ : (V/W )∗ −→ V ∗, Φ(f) = f ◦ π.

If w ∈ W , then π(w) = 0, so (f ◦ π)(w) = 0. Thus Φ(f) ∈ W 0, and we may view Φ as a map
(V/W )∗ → W 0.
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The map Φ is linear by the linearity of composition. It is injective: if f ◦ π = 0, then for every
coset v +W ∈ V/W ,

f(v +W ) = f(π(v)) = (f ◦ π)(v) = 0,

so f = 0.
It is surjective. Let g ∈ W 0. Define g : V/W → F by

g(v +W ) = g(v).

This is well-defined: if v +W = v′ +W , then v − v′ ∈ W , so g(v − v′) = 0, hence g(v) = g(v′). It
is linear because g is linear. Finally, Φ(g) = g ◦ π = g. Hence Φ is an isomorphism.

Proposition 3.13. Let T : V → W be linear. Then

kerT ∗ = (imT )0.

If V and W are finite-dimensional, then

imT ∗ = (kerT )0.

Proof. For f ∈ W ∗, we have f ∈ kerT ∗ if and only if f ◦T = 0, which holds if and only if f vanishes
on every vector of the form T (v). This is exactly the condition f ∈ (imT )0.

Assume now that V and W are finite-dimensional. If f ∈ imT ∗, then f = g ◦ T for some
g ∈ W ∗. For v ∈ kerT , f(v) = g(T (v)) = 0, so f ∈ (kerT )0. Hence imT ∗ ⊆ (kerT )0.

To prove equality, compare dimensions. By rank-nullity applied to T ∗,

dim imT ∗ = dimW ∗ − dimkerT ∗.

Using kerT ∗ = (imT )0 and the dimension formula for annihilators,

dimkerT ∗ = dimW − dim imT.

Thus
dim imT ∗ = dimW − (dimW − dim imT ) = dim imT.

On the other hand,
dim(kerT )0 = dimV − dimkerT = dim imT

by rank-nullity. Therefore the inclusion imT ∗ ⊆ (kerT )0 is an equality.



Chapter 4

Universal Properties in Linear
Algebra

4.1 Categories, Functors, and Universal Properties

Definition 4.1. A category C consists of the following data:

(i) a class of objects Ob(C);

(ii) for every pair of objects X,Y , a set HomC(X,Y ) whose elements are called morphisms from
X to Y ;

(iii) for every object X, an identity morphism idX ∈ HomC(X,X);

(iv) for every triple of objects X,Y, Z, a composition law

HomC(Y, Z)×HomC(X,Y ) −→ HomC(X,Z), (g, f) 7→ g ◦ f.

These data are required to satisfy associativity

h ◦ (g ◦ f) = (h ◦ g) ◦ f

whenever both sides are defined, and the identity laws

f ◦ idX = f, idY ◦f = f

for every morphism f : X → Y .

Example 4.2. The category VecF has vector spaces over F as objects and linear maps as mor-
phisms. The category R-Mod has R-modules as objects and R-linear maps as morphisms. The
category Set has sets as objects and functions as morphisms.

Definition 4.3. A morphism f : X → Y in a category C is called an isomorphism if there exists a
morphism g : Y → X such that

g ◦ f = idX , f ◦ g = idY .

In this case g is called the inverse of f .

Proposition 4.4. The inverse of an isomorphism is unique.

17
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Proof. Suppose g, h : Y → X are both inverses of f : X → Y . Then

g = g ◦ idY = g ◦ (f ◦ h) = (g ◦ f) ◦ h = idX ◦h = h.

Hence the inverse is unique.

Definition 4.5. Let C and D be categories. A covariant functor F : C → D assigns to every object
X of C an object F (X) of D, and to every morphism f : X → Y a morphism F (f) : F (X) → F (Y ),
such that

F (idX) = idF (X), F (g ◦ f) = F (g) ◦ F (f).

A contravariant functor from C to D is a covariant functor Cop → D, where Cop is the opposite
category.

Example 4.6. The dual construction is a contravariant functor

(−)∗ : VecF → VecF.

It sends a vector space V to V ∗ and a linear map T : V → W to T ∗ : W ∗ → V ∗. The identities

(T ◦ S)∗ = S∗ ◦ T ∗, id∗V = idV ∗

are precisely the functoriality axioms.

Definition 4.7. Let C be a category. An object I is called initial if for every object X there exists
exactly one morphism I → X. An object T is called terminal if for every object X there exists
exactly one morphism X → T .

Proposition 4.8 (Uniqueness of initial and terminal objects). Initial objects are unique up to
unique isomorphism. Terminal objects are also unique up to unique isomorphism.

Proof. Let I and I ′ be initial objects. Since I is initial, there is a unique morphism f : I → I ′.
Since I ′ is initial, there is a unique morphism g : I ′ → I. The composite g◦f : I → I is a morphism
from I to itself. But idI is also such a morphism. By the uniqueness in the definition of initial
object, g ◦ f = idI . Similarly f ◦ g = idI′ . Thus f is an isomorphism.

If h : I → I ′ is any other isomorphism compatible with the initial structure, it is in particular
a morphism from I to I ′, hence by uniqueness h = f . Therefore the isomorphism is unique.

The proof for terminal objects is dual: if T and T ′ are terminal, there are unique morphisms T →
T ′ and T ′ → T , and their composites must be the identity morphisms by terminal uniqueness.

Definition 4.9. A universal property characterizes an object by a mapping property. More pre-
cisely, one often constructs a category of possible solutions to a problem; a universal solution is an
initial or terminal object in that category.

Remark 4.10. In practice, this means that an object is not characterized by its elements or by
a coordinate description, but by how maps into or out of it correspond to simpler data. Quotient
spaces, direct sums, direct products, tensor products, kernels, and cokernels are all examples of this
principle.



CHAPTER 4. UNIVERSAL PROPERTIES IN LINEAR ALGEBRA 19

4.2 Quotients

Theorem 4.11 (Universal property of quotient spaces). Let W ⊆ V be a subspace and let π : V →
V/W be the quotient map. If T : V → U is linear and W ⊆ kerT , then there exists a unique linear
map

T : V/W → U

such that
T = T ◦ π.

Proof. Define T (v +W ) = T (v). If v +W = v′ +W , then v − v′ ∈ W ⊆ kerT , so T (v − v′) = 0
and T (v) = T (v′). Thus T is well-defined. It is linear because

T (a(v +W ) + b(v′ +W )) = T ((av + bv′) +W ) = T (av + bv′)

= aT (v) + bT (v′) = aT (v +W ) + bT (v′ +W ).

For every v ∈ V ,
(T ◦ π)(v) = T (v +W ) = T (v),

so T = T ◦ π.
For uniqueness, suppose S : V/W → U is linear and T = S ◦ π. Then for every coset v +W ,

S(v +W ) = S(π(v)) = T (v) = T (v +W ).

Thus S = T .

Remark 4.12. Categorically, V/W is an initial object in the category whose objects are pairs
(U, T ) with T : V → U linear and W ⊆ kerT , and whose morphisms (U, T ) → (U ′, T ′) are linear
maps a : U → U ′ such that T ′ = a ◦ T .

4.3 Direct Sums as Coproducts

Theorem 4.13 (Universal property of direct sums). Let {Vi}i∈I be a family of vector spaces and
let ιi : Vi →

⊕
i∈I Vi be the canonical inclusion. For every vector space W and every family of

linear maps fi : Vi → W , there exists a unique linear map

f :
⊕
i∈I

Vi → W

such that f ◦ ιi = fi for all i.

Proof. For v = (vi)i∈I ∈
⊕

i Vi, only finitely many vi are nonzero. Define

f(v) =
∑
i∈I

fi(vi),

where the sum is finite because v has finite support. This map is linear by componentwise addition
and scalar multiplication. For vi ∈ Vi, the element ιi(vi) has vi in the i-th component and zero
elsewhere, so

f(ιi(vi)) = fi(vi).

Thus f ◦ ιi = fi.
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If g :
⊕

i Vi → W is another linear map with g ◦ ιi = fi, then every v ∈
⊕

i Vi can be written as
a finite sum

v =
∑
i∈I

ιi(vi).

Therefore
g(v) =

∑
i

g(ιi(vi)) =
∑
i

fi(vi) = f(v).

Hence g = f , proving uniqueness.

Corollary 4.14. There is a natural isomorphism

HomF

(⊕
i∈I

Vi,W

)
∼=
∏
i∈I

HomF(Vi,W ).

Proof. Define

Φ : HomF

(⊕
i

Vi,W

)
→
∏
i

HomF(Vi,W )

by Φ(f) = (f ◦ ιi)i. The universal property says precisely that for every family (fi)i there is a
unique f with f ◦ ιi = fi. Hence Φ is bijective. It is linear because composition with ιi is linear in
f for each i. Therefore Φ is an isomorphism.

4.4 Direct Products as Products

Theorem 4.15 (Universal property of direct products). Let {Vi}i∈I be a family of vector spaces
and let πi :

∏
i∈I Vi → Vi be the canonical projection. For every vector space W and every family

of linear maps gi : W → Vi, there exists a unique linear map

g : W →
∏
i∈I

Vi

such that πi ◦ g = gi for all i.

Proof. Define
g(w) = (gi(w))i∈I .

This is an element of the product. The map g is linear because for a, b ∈ F and w,w′ ∈ W ,

g(aw + bw′) = (gi(aw + bw′))i = (agi(w) + bgi(w
′))i = ag(w) + bg(w′).

Clearly πi(g(w)) = gi(w), so πi ◦ g = gi.
If h : W →

∏
i Vi also satisfies πi ◦h = gi for all i, then for every w ∈ W , the i-th component of

h(w) equals gi(w), which is the i-th component of g(w). Hence h(w) = g(w) for all w, so h = g.

Corollary 4.16. There is a natural isomorphism

HomF

(
W,
∏
i∈I

Vi

)
∼=
∏
i∈I

HomF(W,Vi).

Proof. The map sends g : W →
∏

i Vi to (πi ◦ g)i. By the universal property of the product, every
family (gi)i arises uniquely in this way. The map is linear componentwise. Hence it is a natural
isomorphism.
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4.5 Pullbacks and Pushouts

Definition 4.17. Given linear maps f : X → Z and g : Y → Z, the pullback is

X ×Z Y = {(x, y) ∈ X ⊕ Y : f(x) = g(y)} .

Proposition 4.18 (Universal property of pullbacks). Let pX : X×Z Y → X and pY : X×Z Y → Y
be the projections. If A is a vector space with maps aX : A → X and aY : A → Y satisfying

f ◦ aX = g ◦ aY ,

then there exists a unique linear map u : A → X ×Z Y such that

pX ◦ u = aX , pY ◦ u = aY .

Proof. Define u(a) = (aX(a), aY (a)). The compatibility condition gives

f(aX(a)) = g(aY (a)),

so u(a) ∈ X ×Z Y . The map is linear because aX and aY are linear. It satisfies the desired
projection identities by definition.

If u′ is another such map, then for every a ∈ A, the first component of u′(a) is aX(a) and the
second component is aY (a). Hence u′(a) = u(a) for all a, so u′ = u.

Definition 4.19. Given linear maps f : Z → X and g : Z → Y , the pushout is

X ⨿Z Y = (X ⊕ Y )/N,

where
N = span {(f(z),−g(z)) : z ∈ Z} .

Proposition 4.20 (Universal property of pushouts). Let jX : X → X⨿Z Y and jY : Y → X⨿Z Y
be induced by the inclusions into X ⊕ Y . If A is a vector space with maps aX : X → A and
aY : Y → A satisfying

aX ◦ f = aY ◦ g,

then there exists a unique linear map u : X ⨿Z Y → A such that

u ◦ jX = aX , u ◦ jY = aY .

Proof. Define h : X ⊕ Y → A by

h(x, y) = aX(x) + aY (y).

For every z ∈ Z,
h(f(z),−g(z)) = aX(f(z))− aY (g(z)) = 0.

Thus N ⊆ kerh. By the universal property of the quotient, h factors through a unique linear map

u : (X ⊕ Y )/N → A

such that u((x, y) +N) = h(x, y). Then u ◦ jX = aX and u ◦ jY = aY .
If u′ is another such map, then u′ and u agree on all elements jX(x) and jY (y). These elements

span the pushout because every coset of (x, y) equals jX(x) + jY (y). Therefore u′ = u.
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4.6 Exact Sequences

Definition 4.21. A sequence of vector spaces and linear maps

· · · −→ Vi−1
di−1−−−→ Vi

di−→ Vi+1 −→ · · ·

is exact at Vi if im di−1 = ker di. It is exact if it is exact at every term.

Proposition 4.22. A sequence

0 −→ U
f−→ V

g−→ W −→ 0

is exact if and only if f is injective, g is surjective, and im f = ker g.

Proof. Exactness at U says that ker f = im(0 → U) = 0, so f is injective. Exactness at V says
im f = ker g. Exactness at W says im g = ker(W → 0) = W , so g is surjective. Conversely, these
three conditions are exactly the exactness conditions at U, V,W .

Proposition 4.23. A short exact sequence

0 −→ U
f−→ V

g−→ W −→ 0

splits if and only if there exists a linear map s : W → V such that g ◦ s = idW . In that case

V ∼= U ⊕W.

Proof. Suppose the sequence splits, meaning V ∼= U ⊕W with f identified with inclusion into the
first factor and g with projection onto the second factor. Then the inclusion s : W → U ⊕W into
the second factor satisfies g ◦ s = idW .

Conversely, suppose s : W → V satisfies g ◦ s = idW . Define

Φ : U ⊕W → V, Φ(u,w) = f(u) + s(w).

We show that Φ is an isomorphism. If v ∈ V , set w = g(v). Then

g(v − s(w)) = g(v)− g(s(w)) = w − w = 0.

Thus v − s(w) ∈ ker g = im f , so v − s(w) = f(u) for some u ∈ U . Hence v = Φ(u,w), proving
surjectivity.

If Φ(u,w) = 0, then applying g gives

0 = g(f(u) + s(w)) = 0 + w = w.

Thus w = 0, and then f(u) = 0. Since f is injective, u = 0. Hence Φ is injective. Therefore Φ is
an isomorphism.



Chapter 5

Tensor Products, Exterior Powers,
and Determinants

5.1 Tensor Products

Definition 5.1. Let V,W,U be vector spaces. A map b : V ×W → U is bilinear if it is linear in
each variable separately. The vector space of bilinear maps is denoted by Bil(V,W ;U).

Theorem 5.2 (Construction of tensor products). For vector spaces V and W , there exists a vector
space V ⊗W and a bilinear map

τ : V ×W → V ⊗W, (v, w) 7→ v ⊗ w,

such that for every vector space U , every bilinear map b : V ×W → U factors uniquely through a
linear map b̃ : V ⊗W → U :

b = b̃ ◦ τ.

Proof. Let F (V ×W ) be the free vector space with basis symbols [v, w] for (v, w) ∈ V ×W . Let
N be the subspace generated by all elements

[v + v′, w]− [v, w]− [v′, w],

[av, w]− a[v, w],

[v, w + w′]− [v, w]− [v, w′],

[v, aw]− a[v, w],

where v, v′ ∈ V , w,w′ ∈ W , and a ∈ F. Define

V ⊗W = F (V ×W )/N

and let v ⊗ w be the coset of [v, w]. The defining relations imply that (v, w) 7→ v ⊗ w is bilinear.
Let b : V × W → U be bilinear. There is a unique linear map b̂ : F (V × W ) → U with

b̂([v, w]) = b(v, w). Since b is bilinear, b̂ vanishes on all generators of N . Hence N ⊆ ker b̂. By the
universal property of quotient spaces, b̂ factors uniquely through a linear map

b̃ : V ⊗W → U

with b̃(v ⊗ w) = b(v, w). The uniqueness follows because the pure tensors v ⊗ w span V ⊗W .

23
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Corollary 5.3. For every vector space U , there is a natural isomorphism

HomF(V ⊗W,U) ∼= Bil(V,W ;U).

Proof. The map sends a linear map L : V ⊗W → U to the bilinear map (v, w) 7→ L(v ⊗ w). The
universal property of the tensor product says that every bilinear map arises uniquely in this way.
Linearity of the correspondence is immediate from pointwise addition and scalar multiplication.
Therefore it is a natural vector space isomorphism.

5.2 Basic Isomorphisms

Proposition 5.4. There is a canonical isomorphism

V ⊗W ∼= W ⊗ V

given by v ⊗ w 7→ w ⊗ v.

Proof. The map V ×W → W ⊗V defined by (v, w) 7→ w⊗ v is bilinear. By the universal property
of V ⊗W , it induces a unique linear map

Φ : V ⊗W → W ⊗ V

with Φ(v ⊗ w) = w ⊗ v. Similarly, the bilinear map W × V → V ⊗ W given by (w, v) 7→ v ⊗ w
induces a linear map

Ψ : W ⊗ V → V ⊗W

with Ψ(w⊗v) = v⊗w. Then Ψ◦Φ and idV⊗W agree on all pure tensors v⊗w, which span V ⊗W .
Hence Ψ ◦ Φ = id. Similarly Φ ◦Ψ = id. Thus Φ is an isomorphism.

Proposition 5.5. There is a canonical isomorphism

(U ⊗ V )⊗W ∼= U ⊗ (V ⊗W )

given on pure tensors by
(u⊗ v)⊗ w 7−→ u⊗ (v ⊗ w).

Proof. For fixedW ′, linear maps (U⊗V )⊗W → W ′ correspond to bilinear maps (U⊗V )×W → W ′.
Such maps correspond to functions trilinear in u ∈ U , v ∈ V , and w ∈ W , because a bilinear map
out of U ⊗V is the same as a bilinear map out of U ×V . Similarly, linear maps U ⊗ (V ⊗W ) → W ′

also correspond to trilinear maps U × V ×W → W ′.
Both tensor products therefore represent the same functor of trilinear maps. By uniqueness of

universal objects, they are canonically isomorphic. Explicitly, the trilinear map (u, v, w) 7→ u⊗(v⊗
w) induces a map (U⊗V )⊗W → U⊗(V ⊗W ), and the trilinear map (u, v, w) 7→ (u⊗v)⊗w induces
its inverse. The two composites agree with the identity on pure tensors, hence are identities.

Proposition 5.6. There is a canonical isomorphism

(V ⊕W )⊗ U ∼= (V ⊗ U)⊕ (W ⊗ U).
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Proof. Define a bilinear map (V ⊕W )× U → (V ⊗ U)⊕ (W ⊗ U) by

((v, w), u) 7→ (v ⊗ u,w ⊗ u).

By the universal property of tensor products, it induces a linear map

Φ : (V ⊕W )⊗ U → (V ⊗ U)⊕ (W ⊗ U).

Conversely, the bilinear maps V × U → (V ⊕W )⊗ U and W × U → (V ⊕W )⊗ U given by

(v, u) 7→ (v, 0)⊗ u, (w, u) 7→ (0, w)⊗ u

induce linear maps V ⊗U → (V ⊕W )⊗U and W ⊗U → (V ⊕W )⊗U . By the universal property
of direct sums, these give a linear map

Ψ : (V ⊗ U)⊕ (W ⊗ U) → (V ⊕W )⊗ U.

The composite Φ ◦Ψ is the identity on pure tensors in each summand, and Ψ ◦Φ is the identity on
pure tensors (v, w)⊗u. Since these elements span the relevant tensor products, the two composites
are identities.

5.3 Bases of Tensor Products

Theorem 5.7. Let {vi}i∈I be a basis of V and {wj}j∈J a basis of W . Then

{vi ⊗ wj : (i, j) ∈ I × J}

is a basis of V ⊗W .

Proof. The pure tensors span V ⊗W . Since every v ∈ V and w ∈ W can be written as finite linear
combinations of the vi and wj , bilinearity gives

v ⊗ w =

(∑
i

aivi

)
⊗

∑
j

bjwj

 =
∑
i,j

aibj(vi ⊗ wj).

Thus the tensors vi ⊗ wj span.
To prove linear independence, suppose

n∑
k=1

ck(vik ⊗ wjk) = 0

with distinct pairs (ik, jk). For each pair (i, j), let v∗i and w∗
j be the coordinate functionals on V

and W associated to the bases. The map

bij : V ×W → F, bij(v, w) = v∗i (v)w
∗
j (w)

is bilinear. Hence it induces a linear map b̃ij : V ⊗W → F satisfying

b̃ij(vi′ ⊗ wj′) = δii′δjj′ .

Applying b̃ikjk to the relation gives ck = 0. Thus all coefficients are zero. Therefore the tensors
form a basis.

Corollary 5.8. If V and W are finite-dimensional, then

dim(V ⊗W ) = dimV · dimW.

Proof. If dimV = m and dimW = n, choose bases with m and n elements. By the theorem, V ⊗W
has a basis indexed by pairs of basis elements, hence has mn basis elements.
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5.4 Tensor Products of Linear Maps

Proposition 5.9. Let S : V → V ′ and T : W → W ′ be linear. There is a unique linear map

S ⊗ T : V ⊗W → V ′ ⊗W ′

satisfying
(S ⊗ T )(v ⊗ w) = S(v)⊗ T (w).

Proof. The map V ×W → V ′ ⊗W ′ defined by

(v, w) 7→ S(v)⊗ T (w)

is bilinear because S, T , and the tensor map are linear in each variable. By the universal property
of V ⊗W , it induces a unique linear map S ⊗ T satisfying the displayed formula.

Proposition 5.10. Tensor products of linear maps are functorial: if S1 : V → V ′, S2 : V ′ → V ′′,
T1 : W → W ′, and T2 : W

′ → W ′′, then

(S2 ◦ S1)⊗ (T2 ◦ T1) = (S2 ⊗ T2) ◦ (S1 ⊗ T1).

Moreover idV ⊗ idW = idV⊗W .

Proof. Both sides send a pure tensor v ⊗ w to

S2(S1(v))⊗ T2(T1(w)).

Since pure tensors span V ⊗W , the two maps are equal. Similarly, idV ⊗ idW sends v⊗w to v⊗w
for every pure tensor, hence equals the identity.

5.5 Exterior Powers

Definition 5.11. A multilinear map a : V k → U is alternating if a(v1, . . . , vk) = 0 whenever
vi = vj for some i ̸= j. The vector space of alternating k-linear maps from V k to U is denoted by
Altk(V,U).

Definition 5.12. The k-th exterior power ΛkV is the quotient of V ⊗k by the subspace generated
by tensors

v1 ⊗ · · · ⊗ vk

for which vi = vj for some i ̸= j. The image of v1 ⊗ · · · ⊗ vk is denoted by

v1 ∧ · · · ∧ vk.

Theorem 5.13 (Universal property of exterior powers). For every vector space U , there is a natural
isomorphism

HomF(Λ
kV,U) ∼= Altk(V,U).

Proof. Let q : V ⊗k → ΛkV be the quotient map. The map

V k → ΛkV, (v1, . . . , vk) 7→ v1 ∧ · · · ∧ vk

is multilinear and alternating by construction.
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Given a linear map L : ΛkV → U , the composite

V k → ΛkV
L−→ U

is alternating and k-linear. This gives a map

HomF(Λ
kV,U) → Altk(V,U).

Conversely, let a : V k → U be alternating and multilinear. By repeated use of the universal
property of tensor products, a induces a unique linear map

â : V ⊗k → U

with â(v1 ⊗ · · · ⊗ vk) = a(v1, . . . , vk). Since a is alternating, â vanishes on every generator of the
subspace used to define ΛkV . Therefore â factors uniquely through a linear map

ã : ΛkV → U.

The two constructions are inverse to one another by their defining formulas on wedges. Hence the
claimed natural isomorphism holds.

Proposition 5.14. For vectors v1, . . . , vk ∈ V , if two adjacent vectors are interchanged, then

v1 ∧ · · · ∧ vi ∧ vi+1 ∧ · · · ∧ vk = −v1 ∧ · · · ∧ vi+1 ∧ vi ∧ · · · ∧ vk.

Consequently, if charF ̸= 2, exchanging any two arguments changes the sign.

Proof. In ΛkV , the wedge with two equal adjacent vectors is zero. Hence

0 = v1 ∧ · · · ∧ (vi + vi+1) ∧ (vi + vi+1) ∧ · · · ∧ vk.

Expanding by multilinearity gives four terms. The terms with vi ∧ vi and vi+1 ∧ vi+1 vanish. Thus

v1 ∧ · · · ∧ vi ∧ vi+1 ∧ · · · ∧ vk + v1 ∧ · · · ∧ vi+1 ∧ vi ∧ · · · ∧ vk = 0,

which is the desired identity. Any transposition can be written as a product of adjacent transposi-
tions, so the last statement follows.

Theorem 5.15. Let V have basis v1, . . . , vn. Then the elements

vi1 ∧ · · · ∧ vik , 1 ≤ i1 < · · · < ik ≤ n,

form a basis of ΛkV . In particular,

dimΛkV =

(
n

k

)
.

Proof. The tensors vi1 ⊗· · ·⊗ vik span V ⊗k, hence their images span ΛkV . If two indices are equal,
the corresponding wedge is zero. If all indices are distinct, repeated adjacent swaps rewrite the
wedge as a sign times one with strictly increasing indices. Thus the displayed wedges span ΛkV .

To prove linear independence, let v∗1, . . . , v
∗
n be the dual basis. For each increasing k-tuple

I = (i1 < · · · < ik), define an alternating k-linear form ωI : V k → F by

ωI(x1, . . . , xk) = det(v∗ia(xb))1≤a,b≤k.
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This map is alternating because a determinant with two equal columns is zero. By the universal
property of ΛkV , it induces a linear functional ω̃I : ΛkV → F.

For increasing J = (j1 < · · · < jk),

ω̃I(vj1 ∧ · · · ∧ vjk) = det(v∗ia(vjb))a,b.

This determinant is 1 if I = J and 0 otherwise, because the matrix has two equal zero patterns or a
zero row when the sets differ. Therefore the functionals ω̃I pick out the coefficients of the displayed
wedges. Any linear relation among those wedges has all coefficients zero. Hence they are linearly
independent. The dimension formula follows by counting increasing k-tuples.

5.6 Determinants

Definition 5.16. Let V be an n-dimensional vector space and let T : V → V be linear. Since ΛnV
is one-dimensional, the map ΛnT : ΛnV → ΛnV is multiplication by a unique scalar. This scalar is
called the determinant of T and is denoted by detT .

Proposition 5.17. For linear endomorphisms S, T of a finite-dimensional vector space,

det(ST ) = det(S) det(T ).

Proof. Functoriality of exterior powers gives

Λn(ST ) = (ΛnS)(ΛnT ).

Since ΛnV is one-dimensional, ΛnS is multiplication by detS and ΛnT is multiplication by detT .
Their composite is multiplication by (detS)(detT ). On the other hand, Λn(ST ) is multiplication
by det(ST ). Therefore det(ST ) = det(S) det(T ).

Proposition 5.18. Let A = (aij) be the matrix of T with respect to a basis v1, . . . , vn. Then

T (v1) ∧ · · · ∧ T (vn) = det(A) v1 ∧ · · · ∧ vn,

where det(A) is the usual Leibniz determinant

det(A) =
∑
σ∈Sn

sgn(σ)aσ(1),1 · · · aσ(n),n.

Proof. Write

T (vj) =

n∑
i=1

aijvi.

Using multilinearity of the wedge product,

T (v1) ∧ · · · ∧ T (vn) =
∑

i1,...,in

ai1,1 · · · ain,nvi1 ∧ · · · ∧ vin .

Every term with repeated indices vanishes. The remaining terms are indexed by permutations
σ ∈ Sn, with ij = σ(j). For such a term,

vσ(1) ∧ · · · ∧ vσ(n) = sgn(σ)v1 ∧ · · · ∧ vn.

Therefore

T (v1) ∧ · · · ∧ T (vn) =

(∑
σ∈Sn

sgn(σ)aσ(1),1 · · · aσ(n),n

)
v1 ∧ · · · ∧ vn.

This is the claimed formula.



Chapter 6

Modules over Rings and PIDs

6.1 Modules and Submodules

Definition 6.1. Let R be a commutative ring with identity. An R-module is an abelian group
(M,+) equipped with a scalar multiplication R × M → M satisfying the same formal axioms as
scalar multiplication in a vector space.

Definition 6.2. A subset N ⊆ M is an R-submodule if it is a subgroup of M and rn ∈ N for
every r ∈ R and n ∈ N .

Proposition 6.3. If S ⊆ M , then

RS = {r1s1 + · · ·+ rnsn : ri ∈ R, si ∈ S}

is the smallest submodule of M containing S.

Proof. The proof is identical to the proof for spans of vector spaces. The set RS is closed under
addition and under multiplication by elements of R, hence is a submodule. It contains S because
s = 1s. Any submodule containing S is closed under finite R-linear combinations, hence contains
RS. Therefore RS is the smallest submodule containing S.

Definition 6.4. An R-module M is finitely generated if there exists a finite subset S ⊆ M such
that M = RS.

6.2 Free Modules and Presentations

Definition 6.5. An R-module F is free with basis B if every element of F can be written uniquely
as a finite R-linear combination of elements of B.

Proposition 6.6. Let B be a set. The direct sum

R(B) =
⊕
b∈B

R

is a free R-module with basis given by the standard elements eb.

Proof. An element of R(B) is a family (rb)b∈B with finite support. It can be written as the finite
sum ∑

b∈B
rbeb,

29
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where only finitely many rb are nonzero. This proves spanning. If∑
b∈B

rbeb = 0,

then every coordinate of the left-hand side is zero, so every rb = 0. Hence the expression is unique.
Therefore R(B) is free with basis {eb}b∈B.

Proposition 6.7. An R-module M is finitely generated if and only if there exists a surjective
homomorphism

Rn ↠ M

for some n ≥ 0.

Proof. If Rn ↠ M is surjective, the images of the standard basis vectors generate M . Conversely,
if M is generated by m1, . . . ,mn, define

φ : Rn → M, (r1, . . . , rn) 7→ r1m1 + · · ·+ rnmn.

This is a module homomorphism and is surjective by the assumption that the mi generate M .

Definition 6.8. A presentation of an R-module M is an exact sequence

Rm −→ Rn −→ M −→ 0.

6.3 Quotients and Isomorphism Theorems

Definition 6.9. If N ⊆ M is a submodule, the quotient module M/N is the quotient abelian
group with scalar multiplication

r(m+N) = rm+N.

Proposition 6.10. The scalar multiplication on M/N is well-defined and makes M/N an R-
module.

Proof. If m + N = m′ + N , then m − m′ ∈ N . Since N is a submodule, r(m − m′) ∈ N ,
so rm + N = rm′ + N . Thus scalar multiplication is well-defined. The module axioms follow
immediately from the corresponding axioms in M .

Theorem 6.11 (First isomorphism theorem for modules). Let φ : M → N be an R-module
homomorphism. Then

M/ kerφ ∼= imφ.

Proof. Define φ : M/ kerφ → imφ by

φ(m+ kerφ) = φ(m).

The same proof as in the vector space case shows that the map is well-defined, R-linear, surjective,
and injective. Therefore it is an isomorphism.
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6.4 Torsion and Annihilators

Definition 6.12. Let R be a domain and let M be an R-module. The torsion submodule of M is

Mtor = {m ∈ M : rm = 0 for some 0 ̸= r ∈ R} .

The module M is torsion-free if Mtor = 0 and torsion if M = Mtor.

Proposition 6.13. If R is a domain, then Mtor is a submodule of M .

Proof. Let m,n ∈ Mtor. Then there exist nonzero r, s ∈ R such that rm = 0 and sn = 0. Since R
is a domain, rs ̸= 0, and

rs(m+ n) = s(rm) + r(sn) = 0.

Thus m + n is torsion. If a ∈ R, then r(am) = a(rm) = 0, so am is torsion. Hence Mtor is a
submodule.

Definition 6.14. For an R-module M and an element m ∈ M , the annihilator of m is

AnnR(m) = {r ∈ R : rm = 0} .

The annihilator of M is
AnnR(M) = {r ∈ R : rM = 0} .

Proposition 6.15. For every m ∈ M , the cyclic submodule Rm is isomorphic to R/AnnR(m).

Proof. Define φ : R → Rm by φ(r) = rm. This map is an R-module homomorphism and is
surjective by definition of Rm. Its kernel is

kerφ = {r ∈ R : rm = 0} = AnnR(m).

By the first isomorphism theorem,

R/AnnR(m) ∼= Rm.

6.5 Noetherian Modules

Definition 6.16. An R-module M is noetherian if every ascending chain of submodules

N1 ⊆ N2 ⊆ N3 ⊆ · · ·

stabilizes.

Proposition 6.17. An R-module M is noetherian if and only if every submodule of M is finitely
generated.

Proof. Suppose M is noetherian and let N ⊆ M be a submodule. If N is not finitely generated,
choose x1 ∈ N . Since Rx1 ̸= N , choose x2 ∈ N \Rx1. Continuing inductively, if Rx1+ · · ·+Rxn ̸=
N , choose xn+1 outside this submodule. This gives a strictly increasing chain

Rx1 ⊊ Rx1 +Rx2 ⊊ Rx1 +Rx2 +Rx3 ⊊ · · · ,
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contradicting the noetherian condition. Hence N is finitely generated.
Conversely, suppose every submodule of M is finitely generated. Let

N1 ⊆ N2 ⊆ · · ·

be an ascending chain and set N =
⋃

iNi. Then N is a submodule. By assumption, N is generated
by finitely many elements x1, . . . , xr. Each xj lies in some Nij . Let NN be one of the chain terms
containing all xj , say Nm with m ≥ ij for all j. Then N ⊆ Nm, and since Nm ⊆ N , we have
N = Nm. Hence Ni = Nm for all i ≥ m, so the chain stabilizes.

Proposition 6.18. Every principal ideal domain is noetherian.

Proof. Let R be a PID. Every ideal of R is principal, hence finitely generated. Applying the
preceding proposition to R as a module over itself, R is noetherian.

Proposition 6.19. If R is noetherian, then every finitely generated R-module is noetherian.

Proof. First, Rn is noetherian. This follows by induction on n. The case n = 1 is the assumption
that R is noetherian as a module over itself. For the induction step, use the exact sequence

0 → Rn−1 → Rn → R → 0.

A standard argument shows that if A and C are noetherian in a short exact sequence 0 → A →
B → C → 0, then B is noetherian: any ascending chain in B gives ascending chains in A by
intersection and in C by image, both of which stabilize; after that the original chain stabilizes.

Now let M be finitely generated. There is a surjection Rn ↠ M . A quotient of a noethe-
rian module is noetherian, because submodules of the quotient correspond to submodules of Rn

containing the kernel, and ascending chains lift to ascending chains. Hence M is noetherian.

6.6 Modules over a PID

Lemma 6.20. Let R be a PID and let N be a submodule of a finite free module Rn. Then N is
free of rank at most n.

Proof. We prove this by induction on n. The case n = 0 is clear. Let π : Rn → R be projection
onto the first coordinate. Then π(N) is an ideal of R, so π(N) = (a) for some a ∈ R. If a = 0,
then N ⊆ 0⊕Rn−1, and the result follows by induction.

If a ̸= 0, choose x ∈ N with π(x) = a. Let

K = N ∩ (0⊕Rn−1).

By induction, K is free of rank at most n− 1. We claim that

N = Rx⊕K.

For any y ∈ N , π(y) ∈ (a), so π(y) = ra for some r ∈ R. Then y − rx ∈ K, so y ∈ Rx + K. If
rx ∈ K, then 0 = π(rx) = ra. Since R is a domain and a ̸= 0, r = 0. Hence Rx ∩K = 0. Thus
N ∼= R⊕K is free of rank at most n.

Proposition 6.21. Let R be a PID. Every finitely generated torsion-free R-module is free.
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Proof. Let M be finitely generated and torsion-free, generated by m1, . . . ,mn. There is a surjection
Rn ↠ M . We show that M embeds into a finite-dimensional vector space over the fraction field
K = Frac(R).

Define
ι : M → K ⊗R M, m 7→ 1⊗m.

If 1⊗m = 0, then by the construction of localization there exists nonzero r ∈ R such that rm = 0.
Since M is torsion-free, m = 0. Hence ι is injective. The K-vector space K ⊗R M is generated
by 1⊗m1, . . . , 1⊗mn, hence is finite-dimensional. Choose a K-basis among these generators, say
1⊗ u1, . . . , 1⊗ us. Then the submodule Ru1 + · · ·+Rus is free. For each generator mi, there exist
coefficients λij ∈ K with

1⊗mi =
∑
j

λij(1⊗ uj).

Choose a nonzero common denominator d ∈ R for all λij . Then dmi ∈ Ru1 + · · · + Rus for all i.
Hence dM is a submodule of the free module Ru1+ · · ·+Rus ∼= Rs, so dM is free by the preceding
lemma. Since M is torsion-free, multiplication by d gives an isomorphism M ∼= dM . Therefore M
is free.

Proposition 6.22. Let R be a PID and let M be a finitely generated R-module. Then

M ∼= Mtor ⊕Rr

for some r ≥ 0.

Proof. The quotient M/Mtor is finitely generated and torsion-free. Indeed, if 0 ̸= r ∈ R and
r(m+Mtor) = 0, then rm ∈ Mtor, so there exists 0 ̸= s ∈ R with srm = 0. Since sr ̸= 0, m ∈ Mtor,
hence m+Mtor = 0.

By the preceding proposition,M/Mtor is free, say isomorphic toRr. Choose elementsm1, . . . ,mr ∈
M whose images form a basis of this quotient. The map Rr → M sending the standard basis to
the mi gives a section of the quotient map M → M/Mtor. Hence the short exact sequence

0 → Mtor → M → M/Mtor → 0

splits, and M ∼= Mtor ⊕Rr.



Chapter 7

Associated Primes and Primary
Decomposition

The goal of this chapter is not to reproduce commutative algebra in full generality, but to isolate
the part of primary decomposition that will be used for linear operators. We first introduce primary
ideals and associated prime ideals in a general commutative ring, and then specialize to finitely
generated modules over a principal ideal domain.

7.1 Primary Ideals and Associated Primes

Definition 7.1. Let A be a commutative ring. An ideal q ⊆ A is called primary if q ̸= A and
whenever xy ∈ q, either x ∈ q or yn ∈ q for some n > 0.

Proposition 7.2. An ideal q ⊆ A is primary if and only if every zero divisor in A/q is nilpotent.

Proof. Suppose q is primary. Let y ∈ A/q be a zero divisor. Then there exists x ̸= 0 in A/q such
that x y = 0. This means that xy ∈ q and x /∈ q. Since q is primary, yn ∈ q for some n > 0, so
yn = 0 in A/q. Hence y is nilpotent.

Conversely, suppose every zero divisor in A/q is nilpotent. If xy ∈ q and x /∈ q, then x ̸= 0 and
x y = 0 in A/q. Therefore y is a zero divisor, hence nilpotent. Thus yn ∈ q for some n > 0. This
proves that q is primary.

Proposition 7.3. If q is a primary ideal, then rad(q) is a prime ideal.

Proof. Let xy ∈ rad(q). Then (xy)n ∈ q for some n > 0, so xnyn ∈ q. If xn ∈ q, then x ∈ rad(q).
If xn /∈ q, then the primary property applied to xnyn ∈ q gives (yn)m ∈ q for some m > 0. Hence
y ∈ rad(q). Therefore rad(q) is prime.

Definition 7.4. If q is primary and rad(q) = p, then q is called p-primary.

Definition 7.5. Let M be an A-module. A prime ideal p ⊆ A is called an associated prime of M
if

p = AnnA(x)

for some nonzero element x ∈ M . The set of associated primes of M is denoted by AssA(M).

Proposition 7.6. Let I ⊆ A be an ideal. Then

AssA(A/I) = {p ∈ SpecA : p = (I : x) for some x ∈ A}.

34
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Proof. An element of A/I has the form x = x+ I. Its annihilator is

AnnA(x) = {a ∈ A : ax = 0 in A/I} = {a ∈ A : ax ∈ I} = (I : x).

If x ̸= 0, then x /∈ I. Thus the associated primes of A/I are precisely the prime ideals that occur
as (I : x) for some x ∈ A with x /∈ I. Allowing x ∈ I only gives the ideal A, which is not prime in
the usual sense, so the displayed set is exactly AssA(A/I).

Lemma 7.7. Let q be a p-primary ideal. If x /∈ q, then (q : x) is p-primary.

Proof. First (q : x) ̸= A because x /∈ q. Suppose ab ∈ (q : x) and a /∈ (q : x). Then abx ∈ q and
ax /∈ q. Since q is primary, this implies bn ∈ q for some n > 0. Hence bnx ∈ q, so bn ∈ (q : x). Thus
(q : x) is primary.

It remains to compute its radical. If a ∈ rad(q) = p, then an ∈ q for some n > 0, so anx ∈ q,
and hence a ∈ rad(q : x). Thus p ⊆ rad(q : x). Conversely, if a ∈ rad(q : x), then anx ∈ q for some
n > 0. Since x /∈ q and q is primary, we get (an)m ∈ q for some m > 0, hence a ∈ rad(q) = p.
Therefore rad(q : x) = p.

Theorem 7.8 (Associated primes from primary decomposition). Let A be noetherian, and let

I = q1 ∩ · · · ∩ qr

be a minimal primary decomposition, where each qi is pi-primary and the primes pi are distinct.
Then

AssA(A/I) = {p1, . . . , pr}.

Proof. First let p ∈ AssA(A/I). Then p = (I : x) for some x ∈ A. Since

(I : x) =

r⋂
i=1

(qi : x),

we have
r∏

i=1

(qi : x) ⊆ (I : x) = p.

Because p is prime, one of the ideals (qi : x) is contained in p. On the other hand, since (I : x) =⋂
i(qi : x), we have (I : x) ⊆ (qi : x). Hence

p ⊆ (qi : x) ⊆ p,

so (qi : x) = p. Since (qi : x) is a proper ideal, x /∈ qi. By the preceding lemma, (qi : x) is
pi-primary. But it is also the prime ideal p, so its radical is p. Therefore p = pi.

Conversely, fix i. Since the decomposition is irredundant, there exists

y ∈
⋂
j ̸=i

qj with y /∈ qi.

Then

(I : y) =

 r⋂
j=1

qj : y

 = (qi : y),
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because y ∈ qj for every j ̸= i, so (qj : y) = A for j ̸= i. By the preceding lemma, (qi : y) is
pi-primary.

Since A is noetherian and rad(qi : y) = pi, there exists n > 0 such that pni ⊆ (qi : y). Choose n
minimal with this property. Then pn−1

i ⊈ (qi : y), so choose z ∈ pn−1
i with z /∈ (qi : y). We claim

that
((qi : y) : z) = pi.

Indeed, if a ∈ pi, then az ∈ pni ⊆ (qi : y), so a ∈ ((qi : y) : z). Conversely, if a ∈ ((qi : y) : z)
and a /∈ pi, then az ∈ (qi : y) while z /∈ (qi : y). Since (qi : y) is pi-primary, the condition
a /∈ pi = rad(qi : y) forces a contradiction: if az ∈ (qi : y) and z /∈ (qi : y), primaryness implies
am ∈ (qi : y) for some m, hence a ∈ pi. Therefore a ∈ pi. Thus the equality holds.

Finally,
(I : yz) = ((I : y) : z) = ((qi : y) : z) = pi.

Hence pi ∈ AssA(A/I). This proves the theorem.

7.2 Primary Decomposition of Modules

Definition 7.9. Let M be an A-module and let N ⊆ M be a submodule. We say that N is
a p-primary submodule of M if AssA(M/N) = {p}. A primary decomposition of 0 in M is an
expression

0 = N1 ∩ · · · ∩Nr

where each Ni is a primary submodule of M .

Proposition 7.10. Let 0 = N1 ∩ · · · ∩ Nr be a primary decomposition of 0 in an A-module M .
Then the natural map

M −→
r⊕

i=1

M/Ni, m 7−→ (m+N1, . . . ,m+Nr)

is injective.

Proof. The kernel consists of all m ∈ M such that m ∈ Ni for every i. Hence

ker =
r⋂

i=1

Ni = 0.

Therefore the map is injective.

Proposition 7.11. Let M be a finitely generated torsion module over a PID R. If

M = M1 ⊕ · · · ⊕Mr,

then

AnnR(M) =

r⋂
i=1

AnnR(Mi).

Proof. Let a ∈ R. The element a annihilates M if and only if a(m1+ · · ·+mr) = 0 for all mi ∈ Mi.
Since the sum is direct, this is equivalent to ami = 0 for every mi ∈ Mi and every i. Thus
a ∈ AnnR(M) if and only if a ∈ AnnR(Mi) for every i, which is exactly

a ∈
⋂
i

AnnR(Mi).
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Remark 7.12. For the rest of the chapter, the module-theoretic primary decomposition we actually
use is the explicit one over a PID. The preceding definitions explain why the primes occurring in
the decomposition should be regarded as associated primes of the module, rather than as accidental
factors of a polynomial.

7.3 Specialization to Principal Ideal Domains

We now specialize the language of primary ideals and associated primes to a principal ideal domain.
The point is not to redo primary decomposition by elementary polynomial tricks, but to identify
the general notions from Sections 7.1 and 7.2 in the case where all ideals are principal.

Proposition 7.13. Let R be a PID. The nonzero prime ideals of R are exactly the ideals (p), where
p ∈ R is irreducible.

Proof. If p is irreducible, then (p) is prime. Indeed, suppose p | ab. If p ∤ a, then gcd(p, a) = 1, so
there exist u, v ∈ R such that

up+ va = 1.

Multiplying by b gives
upb+ vab = b.

Both terms on the left are divisible by p, hence p | b. Therefore (p) is prime.
Conversely, let p ̸= 0 be a prime ideal. Since R is a PID, p = (a) for some nonzero nonunit a.

If a = bc with neither b nor c a unit, then bc ∈ (a) = p, so b ∈ p or c ∈ p. If b ∈ (a), then b = ad
for some d ∈ R, hence a = bc = adc. Since R is a domain and a ̸= 0, we get 1 = dc, so c is a unit.
Similarly, if c ∈ (a), then b is a unit. This contradiction proves that a is irreducible.

Proposition 7.14. Let R be a PID and let p ∈ R be irreducible. The (p)-primary ideals of R are
precisely (pn) for n ≥ 1.

Proof. First, (pn) is (p)-primary. Suppose ab ∈ (pn) and a /∈ (pn). Write the exponent of p in the
factorization of a as s < n. Since pn | ab, the exponent of p in b is at least n− s > 0. Hence p | b,
so bn ∈ (pn). Thus (pn) is primary, and its radical is (p).

Conversely, let q be a (p)-primary ideal. Since R is a PID, q = (a) for some nonzero a. Factor

a = upe11 · · · pett

into irreducibles. Then
rad((a)) = (p1 · · · pt).

Since rad(q) = (p), every pi is associated to p. Therefore a is associated to pn for some n ≥ 1, and
q = (pn).

Lemma 7.15 (Coprime intersections). Let I1, . . . , Ir be pairwise comaximal ideals in a commutative
ring A. Then

I1 ∩ · · · ∩ Ir = I1 · · · Ir.

Moreover, the natural map

A/(I1 · · · Ir) −→
r∏

i=1

A/Ii

is an isomorphism.
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Proof. For two comaximal ideals I and J , it is clear that IJ ⊆ I ∩J . Conversely, choose u ∈ I and
v ∈ J with u+ v = 1. If x ∈ I ∩ J , then

x = x(u+ v) = xu+ xv.

Here xu ∈ JI because x ∈ J and u ∈ I, while xv ∈ IJ because x ∈ I and v ∈ J . Hence x ∈ IJ , so
I ∩ J = IJ .

The finite statement follows by induction, since the product I1 · · · Ir−1 is comaximal with Ir
when each Ii is comaximal with Ir.

It remains to prove the product statement. The natural map

A −→
∏
i

A/Ii

has kernel
⋂

i Ii =
∏

i Ii. To show surjectivity, fix i. Since Ii is comaximal with
∏

j ̸=i Ij , one
can choose an element whose image is 1 in A/Ii and 0 in every A/Ij for j ̸= i. These elements
generate the standard coordinate vectors in the product. Hence the map is surjective, and the first
isomorphism theorem gives the desired isomorphism.

Theorem 7.16 (Principal ideals have primary decompositions over a PID). Let R be a PID and
let 0 ̸= a ∈ R be a nonunit. Write

a = upe11 · · · perr ,

where u is a unit and the pi are pairwise nonassociated irreducibles. Then

(a) = (pe11 ) ∩ · · · ∩ (perr )

is a minimal primary decomposition of the ideal (a). Consequently, by the associated-prime theorem
from Section 7.1,

AssR(R/(a)) = {(p1), . . . , (pr)}.

Proof. By the previous proposition, each (peii ) is (pi)-primary. Since the irreducibles pi are pairwise
nonassociated, the ideals (peii ) are pairwise comaximal. Hence the coprime-intersection lemma gives

(pe11 ) ∩ · · · ∩ (perr ) = (pe11 · · · perr ) = (a).

The radicals of the components are the distinct prime ideals (p1), . . . , (pr).
The decomposition is irredundant. Indeed, if the i-th component is omitted, then the product

bi =
∏
j ̸=i

p
ej
j

lies in every remaining component but does not lie in (pi), hence does not lie in (peii ). Thus the
intersection becomes strictly larger after omitting the i-th component.

Therefore this is a minimal primary decomposition. Applying the associated-prime theorem
from Section 7.1, namely the theorem that the radicals in a minimal primary decomposition are
exactly the associated primes of the quotient, gives

AssR(R/(a)) = {(p1), . . . , (pr)}.
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Proposition 7.17. Let m ∈ M be an element of an R-module. Then the cyclic submodule Rm is
isomorphic to

R/AnnR(m).

Proof. Define φ : R → Rm by φ(r) = rm. This map is an R-module homomorphism and is
surjective by definition of Rm. Its kernel is

kerφ = {r ∈ R : rm = 0} = AnnR(m).

By the first isomorphism theorem for modules,

R/AnnR(m) ∼= Rm.

Corollary 7.18. Let R be a PID and let 0 ̸= a ∈ R. If a = u
∏

i p
ei
i , then the cyclic torsion module

R/(a) has associated primes
AssR(R/(a)) = {(pi) : pi | a}.

In particular, the associated primes of a cyclic torsion module are exactly the prime factors of its
annihilator.

Proof. This is precisely the conclusion of the preceding theorem applied to the principal ideal
(a).

7.4 Primary Decomposition over a PID

This section is the main tool for the next chapter. We now use the primary-decomposition language
of Section 7.2 together with the associated-prime calculation of Section 7.3. The construction is
best viewed through the Chinese remainder decomposition of the quotient ring; no explicit Bezout
idempotents are needed in the statement.

Definition 7.19. Let M be a torsion module over a PID R, and let p ∈ R be irreducible. The
p-primary component of M is

M [p∞] = {m ∈ M : pnm = 0 for some n > 0}.

Proposition 7.20. For a torsion module M over a PID, M [p∞] is a submodule of M .

Proof. If m,n ∈ M [p∞], then pam = 0 and pbn = 0 for some a, b > 0. Let c = max(a, b). Then

pc(m+ n) = pcm+ pcn = 0,

so m+ n ∈ M [p∞]. If r ∈ R, then

pa(rm) = r(pam) = 0,

so rm ∈ M [p∞]. Hence M [p∞] is a submodule.

Lemma 7.21 (Modules over a finite product). Let A = A1 × · · · ×Ar be a finite product of rings.
If M is an A-module, then

M = e1M ⊕ · · · ⊕ erM,

where ei = (0, . . . , 1, . . . , 0) ∈ A is the i-th coordinate idempotent.
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Proof. The elements ei satisfy

e2i = ei, eiej = 0 (i ̸= j), e1 + · · ·+ er = 1.

For every m ∈ M ,
m = 1m = (e1 + · · ·+ er)m = e1m+ · · ·+ erm,

so M = e1M + · · ·+ erM . If

m1 + · · ·+mr = 0, mi ∈ eiM,

then applying ek gives mk = 0, because ekmk = mk and ekmi = 0 for i ̸= k. Hence the sum is
direct.

Theorem 7.22 (Primary decomposition controlled by the annihilator). Let M be an R-module
over a PID R. Suppose

AnnR(M) = (a), a = upe11 · · · perr ,

where u is a unit and the pi are pairwise nonassociated irreducibles. Then

M = M [p∞1 ]⊕ · · · ⊕M [p∞r ]

and
M [p∞i ] = {m ∈ M : peii m = 0}.

Moreover, if Ni =
⊕

j ̸=iM [p∞j ], then

0 = N1 ∩ · · · ∩Nr

is a primary decomposition of 0 in the sense of Section 7.2, after omitting the zero primary com-
ponents.

Proof. Since aM = 0, the R-module structure on M factors through the quotient ring R/(a). By
the principal-ideal primary decomposition from Section 7.3 and the Chinese remainder part of the
coprime-intersection lemma,

R/(a) ∼=
r∏

i=1

R/(peii ).

Thus M is a module over this finite product. By the module decomposition for finite product rings,

M = e1M ⊕ · · · ⊕ erM,

where ei is the i-th coordinate idempotent under the product-ring decomposition.
We claim that

eiM = {m ∈ M : peii m = 0}.

The inclusion eiM ⊆ {m : peii m = 0} holds because peii = 0 in the i-th factor R/(peii ). Conversely,
suppose peii m = 0 and write m =

∑
j ejm. For j ̸= i, the element peii is a unit in R/(p

ej
j ), because

pi and pj are nonassociated irreducibles. Hence multiplication by peii is an automorphism of ejM .
Since

0 = peii m =
∑
j

peii ejm,

and the sum is direct, we get peii ejm = 0 for every j. For j ̸= i, invertibility of peii on ejM gives
ejm = 0. Hence m = eim ∈ eiM . This proves the claim.
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The same argument gives eiM = M [p∞i ]. Indeed, eiM is killed by peii , so eiM ⊆ M [p∞i ].
Conversely, if pNi m = 0, then pNi is a unit on ejM for j ̸= i, and the direct product decomposition
forces all components ejm with j ̸= i to vanish. Hence m ∈ eiM .

It remains to interpret this as a primary decomposition in the sense of Section 7.2. If eiM ̸= 0,
then M/Ni

∼= eiM . The module eiM is killed by peii , so any associated prime of eiM contains
(pi). Since the only nonzero prime ideal of a PID containing (pi) is (pi) itself, every associated
prime of eiM is (pi). Conversely, choose a nonzero element x ∈ eiM with pni x = 0 and n minimal.
Then y = pn−1

i x ̸= 0 and piy = 0. If ry = 0 and pi ∤ r, then r is a unit modulo (pi), so y = 0, a
contradiction. Thus AnnR(y) = (pi), and (pi) ∈ AssR(eiM). Hence

AssR(M/Ni) = AssR(eiM) = {(pi)}.

By the definition of primary submodule in Section 7.2, Ni is (pi)-primary. Since the decomposition
of M is direct, the intersection of the submodules Ni =

⊕
j ̸=i ejM is zero. Therefore

0 = N1 ∩ · · · ∩Nr

is a primary decomposition of 0 in M , with the zero components omitted.

Theorem 7.23 (Associated primes over a PID). Let M be a finitely generated torsion module over
a PID R. Then

AssR(M) = {(p) : M [p∞] ̸= 0}.

Proof. Because M is finitely generated and torsion, there exists a nonzero element a ∈ R with
aM = 0. Thus AnnR(M) = (d) for some nonzero d ∈ R. Factor

d = upe11 · · · perr .

By the preceding theorem,
M = M [p∞1 ]⊕ · · · ⊕M [p∞r ].

Write Mi = M [p∞i ].
First suppose Mi ̸= 0. In the proof of the preceding theorem we showed, using the definition of

associated primes from Section 7.1, that

AssR(Mi) = {(pi)}.

Hence (pi) ∈ AssR(M), since an element of Mi may also be regarded as an element of the direct
sum M .

Conversely, let p ∈ AssR(M). Then p = AnnR(m) for some nonzero m ∈ M . Write

m = m1 + · · ·+mr, mi ∈ Mi.

Using the same annihilator-intersection principle as in Section 7.2, we have

AnnR(m) =
⋂

mi ̸=0

AnnR(mi).

Since p is prime and the product of the ideals AnnR(mi) is contained in their intersection, one of
the ideals AnnR(mi) is contained in p. On the other hand, p = AnnR(m) is contained in every
AnnR(mi). Hence AnnR(mi) = p for some i. Therefore p ∈ AssR(Mi) = {(pi)}, and Mi ̸= 0.

Thus the associated primes of M are exactly the primes attached to the nonzero primary
components:

AssR(M) = {(pi) : M [p∞i ] ̸= 0}.
This is the desired formula.
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Theorem 7.24 (Primary decomposition for finitely generated torsion modules over a PID). Let
M be a finitely generated torsion module over a PID R. Then

M =
⊕

(p)∈AssR(M)

M [p∞].

Proof. Let AnnR(M) = (d) and factor d into irreducible powers. The primary-decomposition
theorem controlled by the annihilator gives a direct sum decomposition into the corresponding
p-primary components. The theorem on associated primes over a PID identifies precisely which of
these components are nonzero: they are exactly the components indexed by primes in AssR(M).
Therefore

M =
⊕

(p)∈AssR(M)

M [p∞].

7.5 The Structure Theorem over a PID

In this final section we record the classification theorem over a PID. The primary decomposition
tool has already been separated from this classification result; its role here is to reduce the torsion
part to primary torsion modules. Smith normal form appears only as the matrix shadow of the
invariant factor form, rather than as the proof of it.

Lemma 7.25 (An extension lemma for primary modules). Let R be a PID, let p ∈ R be irreducible,
and let M be a finitely generated R-module such that peM = 0. If N ⊆ M is a submodule, then
every homomorphism

f : N −→ R/(pe)

extends to a homomorphism
F : M −→ R/(pe).

Proof. Since M is finitely generated, it is enough to show that a homomorphism defined on a
submodule N can be extended to a submodule of the form N + Ry. Repeating the argument for
finitely many generators of M/N then gives an extension to all of M .

Let f : N → R/(pe) be given and fix y ∈ M . Put

I = {r ∈ R : ry ∈ N}.

Since pey = 0, we have pe ∈ I. Hence I is a nonzero ideal of the PID R, say I = (ps) with 0 ≤ s ≤ e.
The element psy lies in N , so f(psy) is defined. Moreover,

pe−sf(psy) = f(pey) = 0.

In the module R/(pe), the elements killed by pe−s are exactly the multiples of ps: indeed, if
pe−sa = 0, then pe | pe−sa, so ps | a. Therefore there exists t ∈ R/(pe) such that

pst = f(psy).

Define
F : N +Ry −→ R/(pe), F (n+ ay) = f(n) + at.
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We check that this is well-defined. Suppose

n+ ay = n′ + a′y.

Then (a− a′)y = n′ − n ∈ N , so a− a′ ∈ I = (ps). Write a− a′ = bps. Then

f((a− a′)y) = bf(psy) = bpst = (a− a′)t.

Since n− n′ = −(a− a′)y, we get

f(n)− f(n′) = −(a− a′)t.

Thus
f(n) + at = f(n′) + a′t.

So F is well-defined. It is plainly R-linear and extends f . This proves the one-step extension, and
hence the lemma.

Lemma 7.26 (Splitting off a maximal cyclic summand). Let M be a finitely generated module over
a PID R such that peM = 0. Suppose there exists x ∈ M with

AnnR(x) = (pe).

Then the cyclic submodule Rx ∼= R/(pe) is a direct summand of M .

Proof. The map
θ : Rx −→ R/(pe), θ(rx) = r + (pe),

is well-defined because rx = r′x if and only if (r − r′)x = 0, equivalently r − r′ ∈ (pe). It is an
isomorphism.

By the preceding lemma, θ extends to an R-module homomorphism

Θ : M −→ R/(pe).

Let
ι : R/(pe) −→ Rx

be the inverse isomorphism to θ. Then

P = ι ◦Θ : M −→ Rx

is an R-module homomorphism and P restricts to the identity on Rx. Hence P is a projection onto
Rx. For every m ∈ M ,

m = P (m) + (m− P (m)),

where P (m) ∈ Rx and m− P (m) ∈ kerP . Also Rx ∩ kerP = 0, because P is the identity on Rx.
Thus

M = Rx⊕ kerP.

Theorem 7.27 (Cyclic decomposition of a primary torsion module). Let R be a PID, let p ∈ R be
irreducible, and let M be a finitely generated module such that peM = 0 for some e > 0. Then

M ∼=
⊕
j

R/(pej )

for some positive integers ej.
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Proof. We use induction on the integer

ℓp(M) =
∑
i≥0

dimR/(p) p
iM/pi+1M.

This is finite because peM = 0 and each quotient piM/pi+1M is generated over the field R/(p) by
the images of a finite set of generators of M .

If M = 0, there is nothing to prove. Otherwise let e0 be minimal such that pe0M = 0. Then
pe0−1M ̸= 0, so there exists x ∈ M with

pe0x = 0, pe0−1x ̸= 0.

It follows that AnnR(x) = (pe0). Indeed, the annihilator of x contains (pe0), and since R is a
PID and M is killed by a power of p, it must be of the form (ps) for some s ≤ e0; the condition
pe0−1x ̸= 0 forces s = e0.

By the preceding lemma, Rx is a direct summand:

M = Rx⊕M ′

for some submodule M ′. Since Rx ̸= 0, we have ℓp(M
′) < ℓp(M). By the induction hypothesis,

M ′ ∼=
⊕
j

R/(pej ).

Also Rx ∼= R/(pe0). Therefore

M ∼= R/(pe0)⊕
⊕
j

R/(pej ),

which proves the theorem.

Theorem 7.28 (Structure theorem over a PID, elementary divisor form). Let R be a PID and let
M be a finitely generated R-module. Then

M ∼= Rs ⊕
⊕
p

⊕
j

R/(pep,j ),

where p runs through irreducibles up to associates and only finitely many torsion summands occur.

Proof. By the splitting theorem from Chapter 6,

M ∼= Mtor ⊕Rs

for some s ≥ 0. Thus it remains to decompose the finitely generated torsion module Mtor.
If Mtor = 0, there is nothing more to prove. Otherwise Mtor has a nonzero annihilator (a), since

it is finitely generated and torsion. By the primary decomposition theorem over a PID proved in
the preceding section,

Mtor =
⊕

(p)∈AssR(Mtor)

Mtor[p
∞].

Each summand is finitely generated and killed by a power of the single irreducible p. By the cyclic
decomposition theorem for primary torsion modules,

Mtor[p
∞] ∼=

⊕
j

R/(pep,j ).
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Combining these decompositions gives

M ∼= Rs ⊕
⊕
p

⊕
j

R/(pep,j ),

which is the claimed elementary divisor form.

Corollary 7.29 (Invariant factor form). Let R be a PID and let M be a finitely generated R-module.
Then

M ∼= Rs ⊕R/(d1)⊕ · · · ⊕R/(dt),

where di ̸= 0, di is not a unit, and
d1 | d2 | · · · | dt.

Remark 7.30 (Smith normal form). The usual Smith normal form of a matrix over a PID is the
presentation-matrix version of the invariant factor form above. If a homomorphism of finite free
modules is represented by a matrix A, then the invariant factors of cokerA are the diagonal entries
in the Smith form. In these notes, the module structure theorem is the main result; the matrix
normal form is best regarded as a coordinate expression of it.

Proposition 7.31 (Uniqueness of elementary divisors). Let

Mp =
⊕
j

R/(pej )

be a finite p-primary torsion module over a PID. The multiset of exponents {ej} is determined by
Mp.

Proof. For k ≥ 1, consider the quotient vector space over the field R/(p)

Qk = pk−1Mp/p
kMp.

In a summand R/(pe), the quotient

pk−1R/(pe) / pkR/(pe)

is one-dimensional over R/(p) if e ≥ k, and zero if e < k. Therefore

dimR/(p)Qk = #{j : ej ≥ k}.

The numbers on the left are invariants of Mp, so they determine the number of exponents at least
k for every k. Hence they determine exactly how many exponents equal k, namely

#{j : ej = k} = dimQk − dimQk+1.

Thus the multiset {ej} is determined by Mp.

Corollary 7.32. The elementary divisor form of a finitely generated module over a PID is unique
up to associates and reordering.

Proof. The free rank is determined by

dimFrac(R)(Frac(R)⊗R M).

The torsion submodule is the kernel of the natural map M → Frac(R)⊗R M , so it is intrinsic. For
each irreducible p, the p-primary component M [p∞] is intrinsic, and by the preceding proposition
the elementary divisors in each p-primary component are uniquely determined. Therefore the whole
elementary divisor decomposition is unique up to associates and reordering.
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Corollary 7.33 (Classification of finite abelian groups). Every finite abelian group G is isomorphic
to a finite direct sum ⊕

p

⊕
j

Z/(pep,j )Z.

The prime powers pep,j are uniquely determined up to reordering.

Proof. A finite abelian group is the same thing as a finite, hence finitely generated torsion, Z-
module. Since Z is a PID, the elementary divisor form applied to R = Z gives the displayed
decomposition. Uniqueness follows from uniqueness of elementary divisors over a PID.



Chapter 8

Linear Operators as F[x]-Modules

The point of this chapter is that the structure theory of a linear operator is not a separate collection
of polynomial tricks. It is the structure theory of a finitely generated torsion module over the PID
F[x].

8.1 The Associated Module

Definition 8.1. Let V be a vector space over F and let T ∈ EndF(V ). Define an F[x]-module
structure on the underlying abelian group of V by

f(x) · v = f(T )v.

This F[x]-module is denoted by VT .

Proposition 8.2. The formula above makes V into an F[x]-module. Moreover, the F[x]-submodules
of VT are exactly the T -invariant subspaces of V .

Proof. Let f, g ∈ F[x], a ∈ F, and v, w ∈ V . Polynomial addition and multiplication give

(f + g)(T )v = f(T )v + g(T )v,

(fg)(T )v = f(T )(g(T )v),

and 1(T )v = v. Also

f(T )(v + w) = f(T )v + f(T )w, f(T )(av) = af(T )v,

because f(T ) is an F-linear endomorphism of V . Hence the axioms of an F[x]-module are satisfied.
Let W ⊆ VT be an F[x]-submodule. Since x ·w = T (w), every w ∈ W satisfies T (w) ∈ W . Thus

W is T -invariant as a subspace of V .
Conversely, suppose W ⊆ V is a T -invariant subspace. Then T (W ) ⊆ W , and by induction

Tn(W ) ⊆ W for every n ≥ 0. Hence for every polynomial f(x) = a0 + a1x+ · · ·+ anx
n and every

w ∈ W ,
f(T )w = a0w + a1T (w) + · · ·+ anT

n(w) ∈ W.

Thus W is stable under the F[x]-action, so it is an F[x]-submodule of VT .

Proposition 8.3. If V is finite-dimensional over F, then VT is a finitely generated torsion F[x]-
module.

47
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Proof. Let v1, . . . , vn be an F-basis of V . Since F ⊆ F[x], the same set generates VT as an F[x]-
module: every vector v =

∑
i aivi can be written as

∑
i ai(x) ·vi with constant polynomials ai(x) =

ai.
It remains to show torsion. The vector space EndF(V ) has finite dimension n2 over F. Hence

the n2 + 1 endomorphisms
I, T, T 2, . . . , Tn2

are linearly dependent. Therefore there exists a nonzero polynomial f ∈ F[x] such that f(T ) = 0.
This means f · v = 0 for every v ∈ VT . Thus every element of VT is killed by the same nonzero
polynomial f , and VT is a torsion F[x]-module.

8.2 Minimal Polynomial and Associated Primes

Definition 8.4. Assume V is finite-dimensional. The annihilator ideal of VT is

AnnF[x](VT ) = {f ∈ F[x] : f(T ) = 0} .

Since F[x] is a PID, this ideal is generated by a unique monic polynomial mT (x). This polynomial
is called the minimal polynomial of T .

Proposition 8.5. The minimal polynomial mT is the monic polynomial of least positive degree
such that mT (T ) = 0. Moreover, if f(T ) = 0, then mT divides f .

Proof. By definition,
AnnF[x](VT ) = (mT ).

Thus mT (T ) = 0. If f(T ) = 0, then f ∈ AnnF[x](VT ) = (mT ), so f = mT g for some g ∈ F[x]; hence
mT divides f .

If h is a nonzero polynomial satisfying h(T ) = 0, then h ∈ (mT ), so h = mT g for some nonzero
g ∈ F[x]. Hence

deg h = degmT + deg g ≥ degmT .

Therefore no nonzero annihilating polynomial has degree smaller than mT . Since mT is chosen
monic, it is exactly the monic annihilating polynomial of least positive degree.

Proposition 8.6. Similar matrices have the same minimal polynomial.

Proof. Suppose B = P−1AP . For every k ≥ 0,

Bk = (P−1AP )k = P−1AkP,

which follows by induction on k. Therefore, for every polynomial f ,

f(B) = P−1f(A)P.

Thus f(B) = 0 if and only if f(A) = 0. Hence the annihilator ideals of A and B in F[x] are equal.
Their monic generators are therefore equal, so the minimal polynomials are the same.

Proposition 8.7 (Associated primes of a linear operator). Let V be finite-dimensional and let
T ∈ EndF(V ). Suppose

mT (x) = p1(x)
e1 · · · pr(x)er ,

where the pi are distinct monic irreducible polynomials. Then

AssF[x](VT ) = {(p1), . . . , (pr)}.
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Proof. The module VT is a finitely generated torsion module over the PID F[x], and

AnnF[x](VT ) = (mT ).

By the theorem on associated primes over a PID from Chapter 7,

AssF[x](VT ) = {(p) : VT [p
∞] ̸= 0}.

The theorem on primary decomposition controlled by the annihilator from Chapter 7 says that the
only nonzero primary components are those corresponding to the irreducible factors of the generator
of the annihilator. Since the irreducible factors of mT are exactly p1, . . . , pr, the associated primes
are precisely

(p1), . . . , (pr).

8.3 Primary Decomposition of a Linear Operator

Theorem 8.8 (Primary decomposition of an operator). Let V be finite-dimensional and let T ∈
EndF(V ). Suppose

mT (x) = p1(x)
e1 · · · pr(x)er ,

where the pi are distinct monic irreducible polynomials. Then

V = ker p1(T )
e1 ⊕ · · · ⊕ ker pr(T )

er .

Each summand is T -invariant.

Proof. By the preceding section, VT is a finitely generated torsion module over the PID F[x], and

AnnF[x](VT ) = (mT ).

The theorem on primary decomposition controlled by the annihilator from Chapter 7 applies to
the factorization of mT . It gives

VT = VT [p
∞
1 ]⊕ · · · ⊕ VT [p

∞
r ]

and, more precisely,
VT [p

∞
i ] = {v ∈ VT : pi(x)

ei · v = 0} .

Under the F[x]-module structure on VT , the equality pi(x)
ei · v = 0 is exactly

pi(T )
eiv = 0.

Hence
VT [p

∞
i ] = ker pi(T )

ei .

Therefore
V = ker p1(T )

e1 ⊕ · · · ⊕ ker pr(T )
er .

Finally, each summand is an F[x]-submodule of VT , hence it is T -invariant by the first proposi-
tion of this chapter.
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Corollary 8.9 (Generalized eigenspace decomposition). Assume F is algebraically closed. If

mT (x) =
∏
λ

(x− λ)eλ ,

then
V =

⊕
λ

ker(T − λI)eλ .

Proof. Over an algebraically closed field, every irreducible polynomial in F[x] is linear. Thus each
irreducible factor of mT has the form pλ(x) = x− λ. Applying the preceding theorem gives

V =
⊕
λ

ker pλ(T )
eλ =

⊕
λ

ker(T − λI)eλ .

8.4 Cyclic Decomposition and Rational Canonical Form

Definition 8.10. For a monic polynomial

f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0,

the companion matrix of f is

C(f) =


0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
. . .

...
...

0 0 · · · 1 −an−1

 .

Proposition 8.11. Let M = F[x]/(f), where f is monic of degree n. With respect to the F-basis

1, x, . . . , xn−1,

the linear map given by multiplication by x has matrix C(f).

Proof. The quotient F[x]/(f) has F-basis 1, x, . . . , xn−1 by the division algorithm. Multiplication
by x sends

1 7→ x, x 7→ x2, . . . , xn−2 7→ xn−1.

Thus the first n− 1 columns of the matrix have a single 1 immediately below the diagonal.
Since f = 0 in the quotient, we have

xn = −an−1x
n−1 − · · · − a1x− a0.

Therefore the image of xn−1 under multiplication by x has coordinate column

(−a0,−a1, . . . ,−an−1)
t.

This gives exactly the displayed companion matrix.
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Theorem 8.12 (Rational canonical form). Let V be finite-dimensional and let T ∈ EndF(V ). Then
there exist monic polynomials

f1 | f2 | · · · | fr
such that, for a suitable basis of V , the matrix of T is block diagonal with companion blocks

C(f1), . . . , C(fr).

The polynomials fi are uniquely determined by T .

Proof. View V as the F[x]-module VT . We have proved that VT is a finitely generated torsion
module over the PID F[x]. Applying the invariant factor form of the structure theorem from
Chapter 7 gives an isomorphism of F[x]-modules

VT
∼= F[x]/(f1)⊕ · · · ⊕ F[x]/(fr),

where f1, . . . , fr are monic nonconstant polynomials satisfying

f1 | f2 | · · · | fr.

For each summand F[x]/(fi), choose the F-basis

1, x, . . . , xdeg fi−1.

The F[x]-module structure says that the operator T corresponds to multiplication by x. By the
preceding proposition, multiplication by x on this summand has matrix C(fi). Taking the union
of these bases over all summands gives a basis of V in which the matrix of T is block diagonal with
companion blocks C(fi).

The uniqueness of the polynomials fi is exactly the uniqueness of the invariant factor decom-
position in the structure theorem over a PID, applied to the module VT . If T is represented in two
bases, the resulting F[x]-modules are the same module VT , so the invariant factors must agree.

Proposition 8.13. If T has invariant factors f1 | · · · | fr, then

mT = fr.

Proof. By the rational canonical form proof,

VT
∼=

r⊕
i=1

F[x]/(fi).

The annihilator of the cyclic module F[x]/(fi) is the ideal (fi). Hence the annihilator of the direct
sum is

(f1) ∩ · · · ∩ (fr).

In a PID this intersection is generated by the least common multiple of f1, . . . , fr. Since f1 | · · · | fr,
this least common multiple is fr. Therefore

AnnF[x](VT ) = (fr).

By definition, the monic generator of AnnF[x](VT ) is mT , so mT = fr.



CHAPTER 8. LINEAR OPERATORS AS F[x]-MODULES 52

8.5 Jordan Normal Form

Definition 8.14. For λ ∈ F, the Jordan block of size n with eigenvalue λ is

Jn(λ) =


λ 1 0 · · · 0
0 λ 1 · · · 0
...

...
. . .

. . .
...

0 0 · · · λ 1
0 0 · · · 0 λ

 .

Proposition 8.15. The cyclic F[x]-module F[x]/((x − λ)n) corresponds to a single Jordan block
Jn(λ).

Proof. Put y = x− λ. Then
F[x]/((x− λ)n) ∼= F[y]/(yn).

Use the ordered basis
yn−1, yn−2, . . . , y, 1.

Multiplication by x is multiplication by λ+ y. Hence

x · yk = (λ+ y)yk = λyk + yk+1,

where yn = 0 in the quotient.
In the ordered basis above, the term λyk gives the diagonal entry λ, and the term yk+1 moves

one step to the previous basis vector, giving a 1 on the superdiagonal. For k = n− 1, the term yn

is zero. Therefore the matrix is precisely Jn(λ).

Theorem 8.16 (Jordan normal form). Assume F is algebraically closed. Let V be finite-dimensional
and let T ∈ EndF(V ). Then there exists a basis of V in which the matrix of T is block diagonal
with Jordan blocks. The multiset of Jordan blocks is uniquely determined by T .

Proof. Since F is algebraically closed, every irreducible polynomial in F[x] is of the form x − λ.
Apply the elementary divisor form from Chapter 7 to the finitely generated torsion F[x]-module
VT . We obtain

VT
∼=
⊕
λ

⊕
j

F[x]/((x− λ)eλ,j ).

Each summand is a cyclic primary module. By the preceding proposition, the operator induced by
multiplication by x on the summand F[x]/((x− λ)eλ,j ) is represented by the Jordan block Jeλ,j (λ)
in a suitable basis. Taking the union of these bases gives a basis of V in which the matrix of T is
block diagonal with Jordan blocks.

The elementary divisors ((x − λ)eλ,j ) are unique by the uniqueness theorem for elementary
divisors in Chapter 7. Since a Jordan block Je(λ) corresponds exactly to the elementary divisor
(x− λ)e, the multiset of Jordan blocks is uniquely determined by T .

8.6 Characteristic Polynomial and Cayley–Hamilton

Definition 8.17. If A is a square matrix over F, its characteristic polynomial is

χA(t) = det(tI −A).

For an endomorphism T of a finite-dimensional vector space, define χT (t) to be the characteristic
polynomial of any matrix of T .
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Proposition 8.18. The characteristic polynomial of an endomorphism is independent of the chosen
basis.

Proof. If two matrices of T are related by B = P−1AP , then

tI −B = tI − P−1AP = P−1(tI −A)P.

Taking determinants gives

det(tI −B) = det(P−1) det(tI −A) det(P ) = det(tI −A).

Thus the characteristic polynomial is basis-independent.

Lemma 8.19. If f(t) is monic, then the companion matrix C(f) has characteristic polynomial
f(t).

Proof. Write
f(t) = tn + an−1t

n−1 + · · ·+ a1t+ a0.

The companion matrix C(f) represents multiplication by x on F[x]/(f) in the basis 1, x, . . . , xn−1.
Therefore f(C(f)) = 0, because f(x) = 0 in the quotient module. Hence the minimal polynomial
of C(f) divides f .

On the other hand, the vectors

e1, C(f)e1, C(f)2e1, . . . , C(f)n−1e1

are the standard basis vectors corresponding to 1, x, . . . , xn−1, hence are linearly independent. If
a polynomial g of degree < n satisfied g(C(f)) = 0, then applying it to e1 would give a nontrivial
linear relation among these n vectors unless g = 0. Thus the minimal polynomial of C(f) has
degree n. Since it divides the monic polynomial f of degree n, it is equal to f .

Now the characteristic polynomial of the n × n matrix C(f) is monic of degree n, and the
minimal polynomial divides the characteristic polynomial once Cayley–Hamilton is known. To
avoid circularity, we compute the determinant directly. We have

tI − C(f) =


t 0 · · · 0 a0
−1 t · · · 0 a1
0 −1 · · · 0 a2
...

...
. . .

...
...

0 0 · · · −1 t+ an−1

 .

Expanding along the first row gives

det(tI − C(f)) = tDn−1 + a0,

where Dn−1 is the determinant of the same form associated to

tn−1 + an−1t
n−2 + · · ·+ a1.

The sign in the a0 term is positive because the minor is lower triangular with diagonal entries all
−1, contributing (−1)n−1, and the cofactor sign contributes another (−1)n+1. These signs multiply
to 1.

By induction on n, Dn−1 = tn−1 + an−1t
n−2 + · · ·+ a1. Hence

det(tI − C(f)) = t(tn−1 + an−1t
n−2 + · · ·+ a1) + a0 = f(t).
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Proposition 8.20. If T has invariant factors f1, . . . , fr, then

χT (t) = f1(t) · · · fr(t)

and
mT (t) = fr(t).

Proof. By rational canonical form, T has a block diagonal matrix with companion blocks C(f1), . . . , C(fr).
The characteristic polynomial of a block diagonal matrix is the product of the characteristic poly-
nomials of its diagonal blocks. By the preceding lemma, the characteristic polynomial of C(fi) is
fi. Therefore

χT (t) = f1(t) · · · fr(t).

The equality mT = fr was proved above from the annihilator of the invariant factor decomposition.

Corollary 8.21. For every finite-dimensional endomorphism T ,

mT (t) | χT (t).

Proof. By the preceding proposition, mT = fr and χT = f1 · · · fr. Since fr is one of the factors in
the product, mT divides χT .

Theorem 8.22 (Cayley–Hamilton theorem). For every finite-dimensional endomorphism T ,

χT (T ) = 0.

Proof. By the preceding corollary, the minimal polynomialmT divides the characteristic polynomial
χT . Write

χT = mT g

for some g ∈ F[x]. Since mT (T ) = 0 by definition of the minimal polynomial,

χT (T ) = mT (T )g(T ) = 0.

Therefore T satisfies its characteristic polynomial.
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